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Abstract

This paper introduces the energy dissipation constant x into a two-dimensional QW model for describing the intrinsic
features of dressed-photon—phonon creation and confinement in a B atom-pair in a Si crystal. It succeeded in describing
unique features, including: (a) The magnitude of the energy dissipated from the B atom-pair took the maximum at x =0.2;
(b) the total dissipated energy over the whole volume of the Si crystal monotonically increased with x, whereas the
energy of the source of dissipation complementarily decreased; and (c) the dissipated energy exhibited the feature of photon
breeding with respect to the photon momentum. From these features, it was confirmed that the intrinsic features of

microscopic and macroscopic fields were successfully described in a consistent manner.

1. Introduction

A dressed photon (DP) is a quantum field created by the interaction between photons and electrons (or
excitons) in a nanometer-sized particle (NP). The created DP localizes at the NP. It is an off-shell field
because its momentum has a large uncertainty due to its subwavelength size [1,2]. Furthermore, the
DP couples with a phonon to create a new quantum field, named a dressed-photon—phonon (DPP). By
using a two-dimensional quantum walk (QW) model, ref. [3] analyzed the spatial distribution of a DPP
that was confined by an impurity boron (B) atom-pair in a silicon (Si) crystal. This analysis found that
the DPP was efficiently confined by the B atom-pair when the pair was oriented along a direction
perpendicular to that of the incident light propagation.

Here, it should be pointed out that the experiments measured not the energy of the DPP itself
confined in the B atom-pair but the on-shell energy that leaked out from the Si crystal. This energy
was created due to the dissipation of the off-shell DPP field energy. For comparison with experimental
results, this paper introduces the phenomenological dissipation constant x into the QW model [4].

Section 2 presents equations for the QW model without and with energy dissipation. Section

3 reports the results of numerical calculations. Section 4 discusses the origins of why the present QW



model was effective in describing intrinsic features of the DPP energy transfer that agreed with

experimental results. Section 5 presents a summary.

2. Equations for the QW model

The first part of this section presents equations for the QW model without energy dissipation. This is
a brief review of the formulation given in ref. [3]. The second part presents novel equations to deal

with the energy dissipation.

2.1. Without energy dissipation

The square lattice in Fig. 1(a) was used in ref. [3] for a two-dimensional QW model without energy
dissipation. By radiating light (an input signal that propagates along the +y -axis) to the lower side of
this lattice, DPs are created at the sites in the lattice and travel in the upper-right or lower-left directions.
These directions correspond to directions parallel and antiparallel (along the +y and —j axes,
respectively) to the direction of the irradiated light propagation. Since the QW model deals with the
DP hopping to the nearest-neighbor site, these directions are represented by red and blue bent arrows,
respectively, in Figs. 1(b) and (c). The phonon is represented by a green closed loop because it does

not hop due to its nonlocalized nature.
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Fig. 1 Two-dimensional square lattice.
(a) DPs that travel in the upper-right and lower-left directions. They are represented by bent red and blue arrows,
respectively.

(b) and (c) The magnified figure at sites A and B in (a), respectively. The green loop represents a phonon.

Since the DPP is created as a result of coupling between two counter-travelling DPs and a

phonon, a three-dimensional vector



Ypp+
l/7t,(x,y) = yDP— (1)

yPhonon £,(x,y)

is used to represent its creation probability amplitude, where [ | is the vector at time # and at the

position of the lattice site (x,)), y,,, and y,, are the creation probability amplitudes of the

DPs that travel by repeating the hopping in the upper-right and lower-left directions, respectively,

and yp, . 1isthat of the phonon.

First, the spatial-temporal evolution equation for the DPP, hopping out from the site A in Fig.
1(b), is given by

Vit = P—*—‘//tfl,(xfl,y)—) + P—l//t—l,(x+l,y)<— + I)Ol//t—l,(x,y)o : (2)

The vector W, (emy OD the left-hand side is composed of two DPs (y, ., ,and y .  : hopping out

)T

along the *y axes) and a phonon ( ¥,,,..c) at time ¢. The right-hand side is composed of two DPs

(Ypps—, and yp, . : hopping into site A along the +x axes) and a phonon ( y,,,,..c )- The three

matrices on the right-hand side are

e, J

P=0 0 0], (3a)
[0 0 0]

P=\J ¢ yl, (3b)
_0 0 0_

and

0 0 O

=0 0 0 (3¢)
X X &



Diagonal elements &, and &_ are the eigen-energies of the DPs (y,,, and y,, ), respectively,

and &, is that of the phonon. Off-diagonal elements s and j represent the DP hopping energy

and the DP-phonon coupling energy, respectively.
Second, the spatial-temporal evolution equation for the DPP, hopping out from the site B in
Fig. 1(c), is given by

Viwmo =PV ot TPV v TR o (4)

The vector ¥/, ,

x,y)e>

on the left-hand side is composed of two DPs (y,,, ,and y,, . : hopping out
along the +x axes) and a phonon ( ¥, ) at time ¢. The right-hand side is composed of two DPs

and _, : hopping into the site B along the +y axes) and a phonon ( y . The three
yDP+T yDP 1 pp g g y p PhononO

matrices of eqs.3(a) — (c) are used also in eq. (4).

By using vectors
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and

Yopit
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egs. (2) and (4) are lumped together and represented by

; (6)
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One can easily recognize from eq. (6) that the two DPs (y,,, and y,, ) follow zigzag-shaped routes

(represented by bent red and blue arrows).
Since the DP couples with the phonon preferably at the B atom site, y/J has to be larger
than unity. Here, it is fixed to 20, as was confirmed in ref. [5]. On the other hand, ,=. at the Si

atom sites.
2.2. With energy dissipation

The square lattice in Fig. 1(a) is also used for introducing energy dissipation to the QW model.
For this introduction, the three-dimensional vector of eq. (1) is replaced by a four-dimensional vector

Yop+

. Yo
Vo = o : ©)

y Phonon

ydis t,(x,y)

The fourth line y, represents the creation probability amplitude of the energy dissipated from the

square lattice. The spatial-temporal evolution equation of eq. (6) is represented by
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The third line of the left-hand side vector corresponds to the dissipated energy

yDPJr,dis
n _
[‘// 1,(x,y),dis :I =\ Yor-.dis . (1 1)

yPhnnonO £,(x,y)

The first and second lines (y,,,, ,,, and y,,_, )ineq.(11)represent the dissipated energies that travel

along the directions parallel and anti-parallel to that of the irradiated light, respectively. Their sources

are y,,, and y,, ineq.(9), respectively. The phonon (y,,,.. ) does not contribute to the energy

dissipation due to its non-travelling nature.

The quantity x in the matrix

)=

(12)
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on the right-hand side of eq. (10) is a phenomenological dissipation constant (0 <K< 1) . The quantity

\J1—x* represents the magnitude of the energy left in the square lattice after energy dissipation.

3. Calculated results

Numerical calculations were carried out for the case of the B atom-pair oriented along the x -axis. Its
length d was fixed to 3a (a is the lattice constant of the Si crystal) because experiments have
confirmed that this length was most efficient for creating and confining the DPP in the B atom-pair,

and also because it is advantageous for evaluating asymmetric features of the spatial distribution of

the DPP creation probability in Subsection 3.2. The creation probability C

av?

averaged over all the

sites in the B atom-pair, was used for evaluating the magnitude of the confinement. It is defined in ref.

[3las C,=4,—-B, . Here, A, is the creation probability, averaged over the Si atoms in the B



atom-pair. B is the average for the sites of the two B atoms. Although ref. [5] claimed that the

number n of the sites on the side of the square lattice must be equal to or higher than 51, in the
present paper, n is fixed to 21 for shortening the calculation time of the computer system we used

(refer to the Appendix).

3.1. The optimum value of the dissipation constant

Figure 2(a) shows the relation between x and C,, ofthe energy that dissipated and leaked out from

the square lattice to the external space. It is the magnitude of the dissipated energy y,,, , neq.(11)
that travels along the direction parallel to that of the irradiated light propagation (+y -axis). In Fig.

2(b), A, isalsoused torepresent the relation above. These figures show that C,, and A, take the

maximum at «=0.2 (= x,, ). The existence of such an optimum value «,, agrees with experimental

results and implies the feature of “comfortability” that has been studied using the QW model [6]. In

the discussions above, only y,,, .. was dealt with because its magnitude was much larger than that

of y,p_ 4 »as will be shown in Figs. 7 and 8 in Subsection 3.2.
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Fig. 2 Relation between x and the magnitude of the dissipated energy y,,,, . -

(2) and (b) are represented by using C, and 4, at the sites in the B atom-pair, respectively.

Figures 3(a) and (b) show the relation between x and the magnitude of the energy of the

source of dissipation. Since the relations in Figs. 2(a) and (b) show the convex upward-feature, it is



expected that Figs. 3(a) and (b) complementarily show the convex downward-feature to meet the

energy conservation requirement. However, they show a monotonic decrease with « .
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Fig. 3 Relation between x and the source of the energy of dissipation.

(a) and (b) are represented by using C, and A  at the sites in the B atom-pair, respectively.

The origin of this monotonic decrease is that Figs. 2 and 3 were derived by calculating the
magnitudes of the energy only at the sites in the B atom-pair. However, since the dissipated energy is
the on-shell field energy that emerges from the off-shell field, it spreads over the whole volume of the
Si crystal and finally leaks out from the Si crystal. Thus, in order to confirm the complementary feature
between Figs. 2 and 3, the magnitude of the total energy must be calculated by summing up over all

the sites of the square lattice.

Figure 4(a) shows such total dissipated energy, where the values of A, were normalized to

that of x=1. This figure shows that 4, monotonically increases with x, which implies that the total

dissipated energy increases with the increase of x and spreads over the whole volume of the Si
crystal. This spread corresponds to diffraction, which is an intrinsic feature of the on-shell field in a

visible macroscopic space. Figure 4(b) represents the values of A, for the total energy of the source

of dissipation, where A, is normalized to that of x=0. It shows that 4, monotonically decreases

with x. By comparing Figs. 4(a) and (b), the complimentary feature was successfully confirmed.

In contrast to the complimentary feature in the visible macroscopic space above, the existence
of the optimum value x,, in Fig. 2 implies the intrinsic feature of the off-shell DPP field in an
invisible microscopic space. By this contrast, it is confirmed that the present QW model with energy

dissipation could successfully describe the intrinsic features of invisible microscopic and visible

macroscopic spaces in a consistent manner.
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Fig. 4 Relation between & and the total energy.

(a) The total dissipated energy, where 4 is normalized to that of x =1.

(b) The total energy of the source of dissipation, where 4 is normalized to that of x =0.

3.2. Photon breeding with respect to momentum

Reference [3] discussed the photon breeding (PB) with respect to the photon momentum by using the
asymmetric spatial distribution of the DPP creation probability as a clue. On the other hand, since
experiments were performed to evaluate the characteristics of the light that leaked out from the Si
crystal for discussing PB, this Subsection uses the QW model with energy dissipation for a more
detailed comparison with experimental results than that of ref. [3].

First, Fig. 5(a) shows the distribution of the DPP creation probability at the sites in the B
atom-pair without energy dissipation, which agrees with that of Fig. 5(d) in ref. [3] (d / a=3). Figures

5(b) — (d) are those for y,,., Vpp_,and ¥y,.,..» respectively, which are the constituent elements of
the DPP. In the case of y,,, (Fig. 5(b)), the probability at the right site of the Si atom is larger than

that at the left site. On the contrary, the probability of y,, (Fig. 5(c)) is larger at the left site. Figure

5(d) shows the symmetric feature. Due to the asymmetric features in Figs. 5(b) and (c) above, the
probability in Fig. 5(a) is asymmetric. These features agree with those of Figs. 10(a) — (¢) in ref. [3]
(d /a=3). Figures 6(a) — (d) show the calculated results of the probability with energy dissipation ( K
=0.2). Their asymmetric features agree with those of Figs. 5(a) — (d) even though the probabilities are
smaller due to the dissipation.
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Fig. 5 Creation probability at the sites in the B atom-pair (d / @ =3) without energy dissipation.

(a) DPP, (b) y,p,,(c) ypp_ and (d) yp,,.,- Red and blue squares represent the sites of the B and Si atoms,

respectively.
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Fig.6 Creation probability at the sites in the B atom-pair (d / @ =3) with energy dissipation ( K =0.2).
(a) DPP, (b) y,p,,(c) ypp_ and (d) yp,,...- Red and blue squares represent the sites of the B and Si atoms,
respectively.

Second, Fig. 7(a) shows the probability for the dissipated energy y,,, ,, (&=0.2). This

figure shows that the probability at the right site of the Si atom is larger than that at the left site, as was

the case in Fig. 6(a). Figure 7(b) is for the dissipated energy y,,_, (& =0.2) whose probability at

the left site of the Si atom is larger than that at the right site, as was the case of Fig. 6(b). Here, it should
be noted that the probability in Fig. 7(a) is much larger than that in Fig. 7(b). That is, the magnitude

of the dissipated energy y,,, , (traveling in the direction parallel to that of the incident light) is

much larger than that of y,, , (traveling in the anti-parallel direction). It implies that the

momentum of the photon, created due to the dissipation and leaked out from the Si crystal, is equivalent

to that of the incident light. This equivalence manifests the PB with respect to the photon momentum.
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Fig. 7 Creation probability of the dissipated energy ( K =0.2) at the sites in the B atom-pair.

(a) and (b) are the dissipated energies y,, . and y,, ., respectively.

Red and blue squares represent the sites of the B and Si atoms, respectively.

Finally, Figures 8(a) and (b) show the relations between x and the creation probabilities of

the dissipated energies y,,, ., and y,, ., ineq. (11), which travel in the directions parallel and

anti-parallel to that of the incident light, respectively. The values of C,, and 4, for y,,, ., (Fig.

8(a)) are larger than those for y,, .. (Fig. 8(b)), which represents the PB with respect to the photon

momentum, as was indicated in Fig. 7. For reference, the values of C, and A, in Figs. 8(a) and

(b) take the maxima at x=0.2, which is in agreement with Fig. 2.
From a discussion of Figs. 7 and 8, it is concluded that the PB with respect to the photon

momentum was successfully confirmed by the QW model with energy dissipation.

4. Discussions

As reported in Ref. [4], it was confirmed that the calculated results of the DPP creation probability at
the tip of a fiber probe agreed with experimental results. Furthermore, in the present paper, we showed
that the calculated results in Section 3 agreed with the experimental results. These two agreements
imply that the QW model is effective for describing the intrinsic features of the DPP energy transfer.
This effectiveness is attributed to two origins:

(1) Non-commutativity: The QW model is based on non-commutative algebra using vectors and
matrices. On the other hand, the DP is a quantum field that mediates the non-commutative interaction
between nanometer-sized particles (NP). Thus, one origin of the effectiveness noted above is attributed

to the non-commutative aspect that is common to the QW and DP.

11



(2) Localization: The QW model treats the energy transfer from one site to its nearest-neighbor site,
both of which represent local positions in the QW lattice. On the other hand, since the DP is a localized
field [7], its quantum mechanical position operator can be defined. Thus, if the NP is considered as the
site of the QW model, the position of the DP is identified with that of this site. This implies that the
other origin of the effectiveness noted above is the localization aspect that is common to the QW and
DP.

At the end of this section, it should be pointed out that the constant x is a phenomenological
quantity that was introduced to analyze the energy dissipation. It is expected that its identity can be

revealed by future studies of classical and quantum measurement theories [8].
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Fig. 8 The relations between x and the creation probability of the dissipated energy.

(a) and (b) are for y, . - and y . ., respectively.

5. Summary

The present paper introduced an energy dissipation constant x into the two-dimensional QW model

of ref. [3] for detailed analysis of the DPP creation and confinement by a B atom-pair in a Si crystal.

As a result, it succeeded in describing the intrinsic features of the DPP energy transfer, including:

(a) The magnitude of the energy dissipated from the B atom-pair took a maximum at x=0.2.

(b) The total dissipated energy over the whole volume of the Si crystal monotonically increased with
12



x . On the other hand, the total energy of the source of dissipation complementarily decreased.
(c) The dissipated energy exhibited the feature of photon breeding (PB) with respect to the photon
momentum.

Among the features above, (a) implies localization of the DPP, which is an intrinsic feature of
an off-shell field in a microscopic space. In contrast, (b) represents the feature of the dissipated energy
of the macroscopic on-shell field. It was confirmed from these contrasting features that the intrinsic
features of microscopic and macroscopic fields were successfully described by introducing the energy

dissipation into the QW model in a consistent manner.
Appendix Dependence on the number of lattice sites

Although ref. [5] has pointed out that the number n of the sites on the side of the two-
dimensional lattice should be equal to or higher than 51 to ensure sufficiently high accuracy of
numerical calculations, it was fixed to 21 in the present calculation to shorten the calculation time with
the computer system currently used. In order to show specific evidence why it is permissible to use the

smaller value of 7 (=21), this Appendix demonstrates representative results of calculation for 7 =51.
They are the results for the case of x=0.2 (=K,,).

Figures A1(a)-(d) show the calculated results (7 =51) corresponding to Figs. 6(a)-(d) (7 =21).
It is easily found that the spatial distribution profile of the creation probabilities in Figs. Al and 6 are
equivalent. The only difference is that the values on the vertical axes in Fig. A1 are 1/10 times those
of Fig. 6. However, this is reasonable because the total number of sites for 7 =51 is 10 times that for
n=21. Furthermore, Figs. A2(a) and (b) show the calculated results (7 =51) corresponding to Figs.
7(a) and (b) (7 =21). As is the case above, the spatial distribution profiles of the creation probabilities
in Figs. A2 and 7 are also equivalent. Here, the values of the vertical axes in Fig. A2 are also 1/10 those
of Fig. 7 also due to the reasonable origin described above. A technical advantage was that the
computation time for 7 =21 was as short as 1/10 that for n=51.

By comparing these figures, it is concluded that the calculated results for 7 =21 and n=51
are equivalent to each other. The origins of this equivalence are: In the case of a fiber probe, a
complicated triangular lattice was required, and the reflection of the DPP had to be taken into account
at the slope of the triangle [5]. In contrast, a simpler square lattice was accepted in the present study.
In addition, it was permissible to neglect the reflection at the sides of the square lattice, as was verified
in ref. [4].
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Fig.A1 Creation probability at the sites in the B atom-pair (d / @=3) with energy dissipation ( K =0.2).
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Fig. A2 Spatial profile of the probability for the dissipated energy ( K =0.2).

Here, n is fixed to 51. (a) and (b) are the dissipated energies y,, , and y . - respectively.
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