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Motivated by Aoki et al.’s recent research on conserved charges and entropy current, we
reinvestigated the conservation of relativistic Ertel’s current, which has received little attention
outside the field of geophysical fluid dynamics. Ertel’s charge is an important indicator of the
correlation between vortex vectors and entropy gradient fields in Earth’s meridional heat
transport. We first show that in the generalized Hamiltonian structure of baroclinic fluids, the
duality between the total energy and the Casimir as a function of Ertel’s charge plays an
important role in the nonrelativistic case. Then, by extending the result to relativistic cases, we
show that this finding has far-reaching implications not only for space-time issues in cosmology
but also for the foundation of quantum field theory. An especially important finding is that, as
an unreported dual form of the Einstein field equation, we identify a special equation satisfied
not only by the vortex tensor field generated by the conserved charge but also by the
Weyl tensor in interpreting the physical nature of the metric tensor ¢*”, which appears in the
cosmological term Agh”.
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1. Introduction

Two key issues are addressed in this paper: first, we shed new light on the peculiarity
of the gravitational field, which has, in addition to its well-documented geometrical
nature, an unexpected thermodynamic nature;' * second, we clarify the main cause
of the inherent defect in the present form of quantum field theory (QFT), exemplified
by Haag’s no-go theorem® in axiomatic QFT. As we show below, these two seemingly
disparate concepts are inextricably linked by the important dynamical role of the
spinor field (or the vortical field in the case of classical mechanics), which connects a
given physical system to the surrounding space-time as its dynamical environment.

Many issues in nonrelativistic physics require the use of an abstract space to
characterize the time-dependent dynamic behaviors of a given physical system, such
as the Hilbert space $ in quantum mechanics and phase space in classical Hamil-
tonian (H) systems. In general, these spaces are not related to the physics of a given
system. The fact that this condition changes drastically in relativistic field theory is
well-known and has become common knowledge in physics, while the well-known
wave—particle duality in quantum mechanics remains a mystery. However, once it is
accepted that space-time is a physical entity in which “spacelike” corresponds to
wavelike entities, such as the spacelike momentum field required for quantum field
interactions (Greenberg-Robinson (GR) theorem®"), while “timelike” corresponds
to localized particle-like entities, then the wave—particle duality of quantum entities
appears to be a natural consequence of the fact that quantum entities always coexist
with embedded space—time; in other words, quantum entities are dynamically inte-
grated with space—time as their environment.

Dirac’s finding has played an important role in considering the physicality of
space—time, revealing that quantum spin is a feature of relativistic space—time. Since
then, the idea that space—time is composed of specific types of spin networks has been
investigated, most notably by Penrose® and the many researchers that developed
loop quantum gravity (LQG) theory. Therefore, an essential question associated
with the space—time conundrum is how the thermodynamic properties of space-time
fit with this spin network concept. The peculiarity of the space—time problem in
relativistic scenarios lies in the fact that space—time not only has a mathematical
meaning, which can be used to represent a given physical system, but is also a
physical field that must be represented by itself. To explain this reciprocal nature
which can be regarded as the interdependent duality (ID) existing between a
given physical system and its associated space—time, we must identify the emergent
processes of this “physical” space—time.

As an informative example of the ID mentioned above, we briefly refer to
micro—macro duality (MMD) theory,” which, as briefly explained in a recent review
paper!0
classical correspondence”; this theory was rigorously derived based on the pertinent
generalization of the superselection rule, with the sectors originally formulated by
Doplicher—Haag—Roberts.'»'2 Any efforts to explore unseen microscopic quantum
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worlds require experiments that investigate the dynamical interactions between micro-
quantum and macro-classical worlds. This simple fact clearly shows that our descrip-
tions of unseen microscopic worlds depend heavily on the “vocabulary” we use in
classical physics. Therefore, in the metaphorical sense, classical physics operates not as a
static “space” onto which the microscopic world is projected, but rather as an inter-
acting dynamic “space-time” which we use to describe the targeted microscopic world.

This viewpoint is supported as a key element of MMD theory. Among the many
noteworthy accomplishments of MMD theory, the following two theoretical results
are particularly relevant to the discussion in this paper. First, due to its infinite
degrees of freedom, QFT inevitably involves a combination of quantum and classical
fields, with the latter emerging due to the existence of disjoint (refined notion of
unitary nonequivalent) generalized sectors with nontrivial factor representations
acting as order parameters of the emerging classical field. The irrelevance of
Schrodinger’s cat thought experiment can be easily clarified'” by the basic results
of MMD theory. Second, with the exception of the different algebraic structures of
certain physical quantities in their respective fields, i.e. anti-commutativity versus
commutativity, we can consider both fields in a unified framework.

The main discussions begin in Sec. 2 with classical physics; however, we show that
even in classical fluid dynamics systems, there exists an intriguing ID structure that
eventually clarifies the discussed space-time peculiarity. In Secs. 2 and 3, by
reviewing the basic structures of barotropic and baroclinic fluids, as well as their
generalized Hamiltonian (H) structures, we identify a key conserved dynamical
quantity that generates the above-mentioned ID structure. The reason we focus on
this conserved quantity is because we found that recent works by Aoki et al.,'?!*
particularly on the conservation of entropy in general relativity, are quite informa-
tive in the present research. Then, in Sec. 4, we show how the main aims of our paper,
as stated in the first paragraph of this introductory section, are achieved based on the
results of the previous section. In the final section, we present our conclusions and
some novel perspectives on QFT and cosmology.

2. Dynamics of Barotropic and Baroclinic Fluids and H Structures

We begin with the well-known equation of motion of a perfect fluid in nonrelativistic
fluid mechanics:

1
Dy, := 0, +0v"0,v, = — ;8#19, (1)

where the notations are conventional. A fluid is classified as barotropic or baroclinic
based on its form of 9,p/p; that is, if p = p(p) or p = py = const, the fluid is baro-
tropic; otherwise, the fluid is baroclinic. In other words, the barotropic or baroclinic
nature of the fluid is characterized by whether 9,p/p is a conservative force field,
which has a decisive influence on whether the associated vorticity field is conserva-
tive. Thus, we refer to the Lagrange’s vorter theorem for barotropic flows, which
shows that vortices are free of generation and extinction.
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Since we are primarily interested in vorticity and entropy fields, it is useful to
rewrite the baroclinic form of Eq. (1) in terms of the vorticity ¢, and specific (i.e. per
unit mass) entropy s fields by using the first law of thermodynamics (Eq. (2)) and the
vector identity given in Eq. (3):

—dp/p =Tds — dw, with 9;s 4+ v"9,s =0, (2)
0, = v"(9,v, — 0,v,) + 0,(v"v,/2), (3)

where T" and w are the absolute temperature and specific enthalpy, respectively.
From Egs. (2) and (3), Eq. (1) becomes

O, + 0, (w+v"v,/2) — (0" =T0,s. (4)

The most well-known example of a baroclinic fluid is the atmosphere, for which
the ideal gas law can be applied with a high degree of accuracy. The atmosphere is
particularly important in our discussion because it provides a useful fluid dynamic
system with a nonuniform entropy distribution in both the vertical and meridional
directions; furthermore, energetic vortical fields known as baroclinic eddies play
important dynamical roles in heat transport along the meridional direction. In the
dynamics of this heat transport, there is a strong correlation between the vorticity ¢
and entropy gradient Vs fields, which can be described by Ertel’s potential vorticity
Q,'° which is defined as

Q= %(C Vs), 0.Q+0,Q =0, (5)

The above is the most important conserved quantity in the field of geophysical fluid
dynamics.

It should be noted that the importance of baroclinicity in the atmosphere varies
with scale. In general, in typical laboratory experiments using air, such as wind
tunnel studies, air flows behave as barotropic flows since the entropy gradient is
negligible; however, for air flows with horizontal scales greater than several 100 or a
few 1000 km, baroclinicity becomes a nonnegligible dynamical factor. In Sec. 1, we
discussed MMD theory, which indicates that the actual world in which we live
consists of an ID structure that bridges quantum and classical physics, rather than
the prevailing view that the laws of classical physics are not fundamental but are
approximated from “genuine fundamental” quantum mechanics. We believe that the
scale dependency of baroclinicity, represented by () in the comparison of barotropic
and baroclinic flows, is analogous to that of the Planck constant A in the comparison
of quantum and classical physics in MMD theory. To show that this resemblance is
not superficial but rather has essential implications for the main issue in this paper,
we investigated the generalized H structure of baroclinic flows.

The generalized H structure was derived from the so-called noncanonical form of
the H formulation, with the seminal work initiated by Arnol’d'® and further de-
veloped by a group of applied mathematicians and physicists.!” ¥ For a baroclinic
perfect fluid dynamics system with Eulerian representation, the generalized H,
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denoted by H, has the form?°
Hy=E+Cp, E:= /(pv”v,,/2 + pe(p,s))dV, Cp:= /(pF(s,Q)}dV, (6)

where F and CF are the total energy with e(p, s) being the internal energy density, a
Casimir constructed by an arbitrary function F' of s and Q. Since the given fluid
dynamical system can be described by five independent variables, namely, v#(1 <
1 < 3) and two thermodynamical variables, we choose p and s as the thermodynamic
variables because () is expressed in terms of these two variables. First, when we
compare the conservative quantity C'r with the total energy E, we can observe that
it is not merely an additional constant of motion. This occurs because both E and Cr
are “complete” in the sense that they include all five variables. In other words, they
are equal pairs of “complete” constants of motion.

The significant advantage of Hy over E becomes clear when we consider the
stability of a given steady state of the fluid because any given steady state of the
baroclinic flow can be represented by the condition that the first variation in Hg
vanishes; that is,

O0Hg = 0E+ 6Cp =0, (7)
which can be rewritten as the combination of the steady-state version of Eq. (4) and
oF
F-Q—+8B =0.
Q55+ Bs.Q) =0 5)

Equation (8) shows that an arbitrary function F' can be determined by Bernoulli’s
function B(s, @), which characterizes the given steady state. Then, we can demon-
strate the formal stability of the state?! (the stability of a given steady state for
infinitesimally small amplitude perturbations with arbitrary forms) if the second
variation in H is sign definite. In our discussion of the ID structure, a particularly
important aspect of Eq. (7) is that the balance between §F and 6Cr can be regarded
as a unique “interaction” between two dynamics with and without explicit forms of
Q. It is clear that the phase-space trajectory of a linearly unstable mode, such as
those represented by one of the separatrices of H;, i.e. $>H = 0, cannot be described
without Cp. Thus, we believe that perturbation methods with only the Hamiltonian
as the total energy are not generally adaptable since, as our present discussion shows,
these methods cannot cover the dynamic behaviors of certain unstable modes. We
also believe that the root cause of Haag’s no-go theorem in axiomatic QFT, as
discussed in Sec. 1, can be attributed to such an inability inherent in the conventional
Hamiltonian approaches. To further show the decisive role of @) in ID structures, we
next examine the relativistic expression of Q.

3. Converted Form of the Relativistic Equation of Motion

First, we fix the sign convention as (+,—,—, —) and introduce a nondimensional
four-velocity vector u# that satisfies the normalization condition u”u, = 1. In Secs. 3
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and 4, for simplicity, unless otherwise stated, we develop our arguments within the
framework of special relativity. The following basic arguments on the relativistic
equations from Egs. (9)—(15) are given by Landau and Lifshitz?? (pp. 506-508).
Regarding the first law of thermodynamics, we have

() o). g

n n n

where n denotes the “particle number” corresponding to the density p in the non-
relativistic case, and o/n and w/n are the specific entropy and enthalpy, respectively,
as in Eq. (2). The relativistic equation of continuity is given by

0,(nu”) =0, (10)
and the energy—momentum tensor for a perfect fluid has the following form:
™ = wuru’ — pg". (11)
The tensor divergence of Eq. (11) gives the following equations of motions:

0,1, = u,0,(wu") +wu”0d,u, — 9d,p = 0. (12)

The projection of Eq. (12) in the direction u* can be calculated by u#0, T, = 0; with
Eq. (9), this becomes

u’d,(c/n) =0, (13)

which corresponds to the second equation in Eq. (2). Next, we calculate the com-
ponent of 9, T,/ = 0 perpendicular to u" as

0,1, —u,u’0,T,; =0, (14)
which yields
wu"dyu,, — 0,p + u,u’d,p = 0. (15)

This equation corresponds to the nonrelativistic form of pD,v, = 0 in Eq. (1).

As we have noted with Eq. (4) in Sec. 2, in terms of the vorticity and the entropy
field, the form of Eq. (4) is preferable to the form of Eq. (1). The derivation of the
relativistic form of Eq. (4) was given by Lichnerowicz*® (p. 30) and it has the fol-
lowing form:

wpu’ =T0,(0/n), w, =0,(w/n)u,]—0,[(w/n)u,]. (16)
For the sake of readers’ convenience, in Appendix A, we give the details of this
derivation. Note that Eq. (13) is included in Eq. (16), as shown by 0 = ufw,,u” =
Tutd,,(o/n). We can also observe that Eq. (16) remains valid for curved space-time
if we replace 0, with a covariant derivative, denoted as V.
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4. Ertel’s Charge as the Source of an Entropic Vortex Field

To appreciate the importance of Eq. (16), we use an explicit (writing down all the
elements) matrix representation of Eq. (17) below to derive the conserved Ertel’s
current.

0 wo1 wo2 W3
—Wo1 0 W12 —Ws1
Wy = 0 . (17)
—We2  —Wi2 Wa3
—Wpy Wy —Wg 0

First, after defining the pseudoscalar  in Eq. (18), we introduce *w*, which is
the Hodge dual of w,,, i.e.

Q1= wprwag + Weawsy + wozwia, (18)
0 —Wo3  —W3p W2
w 0 —Wwy: )
* oW — 23 03 02 (19)
w3 Wo3 0 —Wwo1
Wiz  —Wo2 Wo1 0

From Egs. (17) and (19), we obtain

Ww,, = Qgy,  fww,, = 4. (20)
According to Eq. (16), we have
("W wg )u” = Qgyu” = T("w')0.(0/n); (21)
thus, we can obtain
Qrut = *wh 9, (o/n), where Qp :=Q/T. (22)

By substituting Eq. (19) into Eq. (22) and with a series of manipulations based on
the skew symmetry of w,,,, we can finally derive that

u’ —01[wyz(0/n)] = Oy[ws (0/n)] — Ozlwiz(0/n)]
0 ut _ Io[waz(o/n)] — Oy[woz(o/n)] + Oslwpz(a/n)] (23)
o w lwsi(o/n)] + O1[woz(o/n)] — Oslwpr (/1))
u? dplwia(a/n)] — 01 [wa(o/n)] = Oawor (o/n)]
Based on this expression, we can observe that
ay(QTuy) =0. (24)
In addition, using Eq. (16) again, we have
— i’ = Tlwy30, (0/n) + w31 0y(0/n) +wiad3(a/n)]; (25)
thus, we obtain
Qp = Qg = —[wy301(0/n) + w3105(a/n) + w203 (0/n)]/u’, (26)
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which is the relativistic expression of Ertel’s potential vorticity @ given in Eq. (5).
Following the convention of theoretical physics, we refer to 21 as Ertel’s charge. The
conservation property of Eq. (24) can be extended to curved space—time by substi-
tuting 0, in Eq. (23) with the covariant derivative V, and using the tensor identity

(vuvu - vyvu)wh‘)\ = _RZ/JI/O‘)O')\ - Riuuwma (27)

to calculate the vector divergence on the right-hand side of Eq. (23), where Rj.s
denotes the Riemann curvature tensor.

Remark 1 A relativistic extension of Ertel’s potential vorticity was first done by
Katz?* based on the converted form of a relativistic equation of motion derived by
Lichnerowicz referred to at the end of Sec. 3. In his derivation, as in the case of ours,
Katz first introduces *w"” (Hodge dual of w,,, defined in Eq. (19)). Then, using it, he
defines a “vorticity four-vector” &# of the form

Wk = *wy,. (28)

The conservation law he shows turns out to be
0,(Qgu’) =0, Qp:=ovd,(c/n), (29)

where we have simplified his derivation by confining ourself solely to the case of
special relativity. Using Eq. (10), the above equation can be rewritten as

u’0,[Qg/n] = 0. (30)

Based on this advective expression, Katz simply points out that the nonrelativistic
limit of Q/n is @ given in Eq. (5). Note, however, that Qx in Eq. (29) is defined as
the inner-product of four vectors w» and 9, (o /n), while the numerator of @ in Eq. (5)
is expressed as the inner-product of nonrelativistic three vectors of ¢ and Vs. In this
respect, we do not think that Katz’s statement on the nonrelativistic limit is trivial
and therefore needs further explanation. In order to prove his statement as well as
the equivalence of Katz’s and our derivations, we first show that, by direct
calculations using Egs. (16), (19), (26) and (28), we have

Qi = Qr(=Qq). 31)

Thus, by comparing Q;/n in the advection equation u”0,[Q;p/n] =0 and Q in
Eq. (5), we readily see that Q gives the nonrelativistic limit of Qx/n = Qp/n.

The advantage of the newly derived expression {2 over {2y is that the conserved
current ru* can be shown to be an entropy current tied closely to “space—time
dynamics” now we are considering in this paper. According to the second equation in
Eq. (16), the physical dimension of Q in Eq. (18), denoted by dim[{}], becomes
dim[Q] = 72 dim[(w/n)?], where | denotes the length scale. Since n and w are the
particle number and the energy per unit volume, respectively, if we use a natural unit
system, then we have dim[n] =17 and dim[w?] =[78. Thus, it turns out that
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dim[Q] = 7!/I3, indicating that dim[Q] = dim[T"] in Eq. (11) and hence, from
Eq. (9), the physical dimension of Qo is the entropy per unit volume.

A particularly intriguing property of w,,, is that “Dirac’s v matrix” 4#* can be
constructed from Eq. (20). In fact, if we define 44 such that 4% := (*w'?)w,,, then,
according to Eq. (20), we get 45 = Qg’. By raising the suffix v, we have that
A = Qg thus, we find that

1 2 2 nz
g G+ = 2, (32)

which is the well-known anti-commutation relation. To further examine the impli-
cations of Eq. (32), we investigated the relation between ¢* and *wHw/S.
According to Eq. (20), ¢" can be rewritten as follows:

*wﬂng B *wuaw(l;(*wn)\w/\n) B *wuawz(*wn)\w)\n)
QT Qlwtw)  (wwy,)?/4

g = (33)
Recall that, in general, g"” is not a physical quality but rather a purely mathematical
quantity. However, there exists an exceptional case in which g*” becomes physical, as
shown by Eq. (34), which was derived by lengthy straightforward calculations®*-2% on
the Weyl conformal tensor W3-

/ 1
WIORW g, — W2 =0, W2 = WO, (34)

Equation (34) shows that, for nonvanishing W2, the cosmological term Ag"” can be
interpreted not as vacuum but as (conformal) gravitational energy—momentum
tensor. By comparing Eq. (33) with Eq. (34), we find that

o3y v
, _WHIW s, o (g _ (o) o wiwg

L 2 7S O B 7 71070 Y R

which clearly shows that (4€2)? correlates directly with W2,

As we have referred to at the end of Sec. 1, quite recently, Aoki et al. proposed
novel mathematical schemes defining precisely a conserved quantity in a curved
space—time, that can be applied not only to the energy and momentum for matter
but also to the entropy of a given system. And in order to justify the new schemes,
they have successfully conducted various verifications for different gravitational
systems. We think that one of their new schemes on the entropy conservation pro-
vides tantalizing new information revealing the important role played by Weyl
tensor in gravitational “entropy dynamics”.

A possible connection between gravitational entropy and Weyl tenor was sug-
gested by Penrose in terms of Weyl curvature hypothesis’” which may explain the
observed extremely isotropic space—time structure of our early universe. Through
their series of studies, of which brief overview is given in the subsequent section,
Sakuma et al.?>?® are now pursuing a new study on developing an extended dark
matter (EDM) model having a form of cosmological term: Ayy,9,,, where the metric

tensor g, is related to Weyl tensor field through Eq. (35). The main reason why we
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consider an EDM is because we conjecture that, due to the ID structure arising from
material fields and their environmental space-time, dark matter phenomena would
not be figured out solely in terms of timelike particle dynamics, though the timelike
entity associated with EDM is our primary concern. We think that the aforemen-
tioned studies by Aoki et al.'* are helpful in identifying this timelike entity, because
they have proposed a general form of the definition of a timelike entropy current. The
key concept in their definition is, what they call, timelike intrinsic vector 6 # satisfying

TIV, (" =0= (V,(" =0, for TV = Aguglt), (36)

where V, and T}, respectively, denote covariant derivative and the ener-
gy—momentum tensor under consideration, the latter of which becomes )y, g% in our
present case.

From Egs. (10) and (13), we have the well-known equation: V,(ou”) = 0. In-
terestingly enough, we have already shown that €, in Eq. (26) whose physical
dimension is exactly the same as that of o also satisfies the same equation of
V., (Qqu”) = 0, though Q) is composed of a certain vortical field while ¢ is not such a
kind of quantity. Since the physical meaning of V, (") = 0 must be understood in
terms of Eq. (36), we can say that, thanks to it, Qgu” is a timelike gravitational
entropy current associated with Weyl curvature field. A novel proposal of dark
matter model based on this timelike gravitational entropy current will be given in
Subsec. 5.2.1.

From the definition of ) in Eq. (26), we see that it is a classical spin field
generated by the two-dimensional vortical motion of a fluid particle (or element)
confined on a comoving isentropic surface. The equality of the following two
expressions u”0,(c/n) = u"0,(Qy/n) = 0 derived from Egs. (13) and (30) holds if
there exists such a function f as to satisfy Q,/n = f(o/n). Actually, it is known that
this equality holds for a wider class of relation between €, /n and o/n called the fluid
element relabeling symmetry (FERS)?° leading to the invariance of Casimir func-
tionals referred to in Sec. 2. Thus, as we have stated at the beginning of the abstract
of this paper, our reinvestigation on relativistic extension of Ertel’s potential vor-
ticity having the property of FERS was set out with the motivation of aiming at a
meaningful connection between Aoki et al.’s'* novel achievement of Eq. (36) and our
central result of Eq. (35).

5. Brief Conclusions and Novel Perspectives on QFT and Cosmology
5.1. Conclusions on Qr dynamics and its implication for QFT

By reinvestigating the relativistic form of Ertel’s charge 7, of which importance has
been largely ignored except in the field of geophysical fluid dynamics, we found that
Qrut is a conserved “entropy current” in the sense of FERS mentioned above. The
importance of this finding is that while the physical dimension of Q7 is the entropy
per unit volume, this quantity is not identical to the thermodynamic entropy density;
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instead, it is related to both the vortical modes of a given energy—momentum field
T in Eq. (11) and the associated space-time ¢* (defined within the framework of
conformal gravity (34)). As a result, Ertel’s charge Q7 plays an important role in the
ID structure discussed in Sec. 1.

We think that the category-theoretic perspective plays a crucial role in exploring
the nature of Ertel’s charge in terms of QFT. In thermodynamics, the concept of
entropy is understood through the order structure between thermodynamic states
and the state transitions between them. Categories are a generalization of both the
order and the group-theoretic structure, and they are helpful in capturing the essence
of the spatio-temporal structure. In this respect, Saigo®” proposed the idea of con-
sidering the category algebra, which is a noncommutative convolution algebra de-
fined on a spatio-temporal category; furthermore, he considered the states as linear
functions on it, as quantum fields and their states. We believe that by reformulating
the discussion of Ertel’s charge from this perspective, we can naturally “quantize”
the contents of this paper. In the context of the quantized theory, the (possibly
continuous) sector structure arises, which describes the macroscopic nature of the
theory. As we have referred to in the brief explanation of MMD theory given in Sec.
1, so-called order parameters distinguish different sectors which have been shown to
be treatable in recent quantum measurement theory.?! We believe that, as a future
challenge, it is important to reexamine the role of Ertel’s charge from the viewpoint
of sector theory.

5.2. Nowel perspective on cosmology
5.2.1. On a dark matter model

In Sec. 4, we showed that dim[Q)] = dim[T"] in Eq. (11), and we found that the
nonzero value of Q2 corresponds to the nonzero value of W2, which suggests that the
nonzero ) is associated with a special energy field associated with nonzero W2. In
general, in the Einstein field equation (37)

1 87
R — S Rg" + Ag" = = — T, (37)

energy—momentum fields are associated directly with Ricci curvature terms; thus, a
peculiar energy field such as €2 would be related to the cosmological term Ag"” we
discussed with Eq. (34) to some (or a large) extent. As the first step toward un-
derstanding the physical meaning of a conserved “entropy” density Qp(= Q/T), we
introduce a constant reference temperature Tp, the magnitude of which is immaterial
at this point in our discussion but which will become important in our newly pro-
posed hypothesis known as simultaneous conformal symmetry breaking (SCSB) of
electromagnetic and gravitational fields. With Tp, we can introduce a nondimen-
sional parameter such as the particle number 7 := Ty /T, which is inversely pro-
portional to the temperature T. With 7, we can rewrite Eq. (24) as

v, (iQu”) = 0. (38)
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Therefore, if we redefine Q as Q := 7 and introduce 7" as 7" := Qutu”, we can
obtain

v, " =0, (39)

since u,, satisties the geodesic condition u”V,u, = 0 at the galactic scale. Note that
the nonzero €2 does not correspond to the nonzero Ricci scalar curvature R, but
instead corresponds to the nonzero Weyl curvature W?2; thus, the nonzero current
Qut can exist even in “nearly vacuum” regions where R® ~ 0. Furthermore, since
the magnitude of Q is inversely proportional to 7', Q would become extremely small
soon after the beginning phase of the big bang and then increases, which suggests
that the current Qu# is in a region where R* = ( is a promising candidate for the

(cold) dark matter model.

5.2.2. Brief review of previous cosmological studies by Sakuma et al.

In their recent study on the off-shell properties of quantum fields motivated by
enigmatic dressed photon research,'® Sakuma et al.?>*® shed new light on the long-
forgotten GR theory (proved in axiomatic QFT) referred to in Sec. 1, which states
that interactions among quantum fields must inevitably accompany spacelike mo-
mentum supports. Since these findings revealed a novel perspective on cosmology,
especially for models of dark energy and dark matter, we will briefly review these
findings before we discuss the above-mentioned dark matter model Qu# further.
First, on the basis of the GR theorem, in previous research, the mathematical form of
a spacelike electromagnetic field, which can be regarded as the extension of the
charge-free Maxwell equation into spacelike momentum domains, was investigated.
The main conclusions can be summarized as follows ((i)—(iv)):

(i) The extended electromagnetic four-vector potential U, can be represented by
the Clebsch parametrization (CP)*? with the parameters (), ¢); the former
satisfies the spacelike Klein-Gordon (KG) equation V,V7\ — (k()?A = 0, where
Ko is the experimentally determined dressed photon constant, while the latter
satisfies either the same KG equation or V,V?¢ = 0, depending on whether U,
is spacelike or lightlike. The lightlike U, can be interpreted as a U(1) gauge
boson, while the spacelike U, provides the necessary spacelike momentum
supports for field interactions. In fluid mechanics, CP is used for canonical H
formulations of barotropic fluids. CP is suitable for extended free Maxwell fields
because, in sharp contrast to Eq. (18), for the baroclinic case, the pseudoscalar
Qo) defined by Eq. (40) always vanishes:

Qo) 1= Sp1523 + S02.531 + S3512 = 0, (40)

where S, := V,U, — V,U, denotes the field strength of the extended electro-
magnetic field. According to Eq. (40), as in the case of a free electromagnetic wave,
the extended “electric” and “magnetic” fields are perpendicular to each other.
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The energy-momentum tensor 7% for both cases can be written in a unified
form as

. Ao 1 safB 5
o af
T = SO‘ - 5 Sa()’guy7 Saﬁ"/é = S(yﬁs’yé' (41)
Note that due to the skew-symmetric nature of S, S'M«M satisfies exactly the
same properties as the Riemann curvature tensor R,g.s; that is,

Rﬂa’yé = _Raﬁ'yév Ra;&h = _Raﬂﬂ/& R’yﬁaﬁ = Raﬂﬂ/ﬁa (42)
Ra,@'y(S + Ra’yéﬂ + Ru&ﬂ'y =0. (43)

Equation (43) is known as the first Bianchi identity and corresponds to Eq. (40).
Therefore, T# in Eq. (41) becomes isomorphic to the Einstein tensor G, and
its divergence vanishes. Specifically, we can say that Tw naturally fits into the
geometrodynamics of general relativity.

Since the nonlightlike U* has a spacelike momentum field parametrized by kg in
the aforementioned spacelike KG equation, it forms a submanifold of de Sitter
space (a pseudo-hypersphere ® embedded in R°) with a geometrical structure
similar to the spacelike KG equation, with the radius of © corresponding to % as
a scale parameter. According to Sakuma et al.,?>>® the importance of de Sitter
space is twofold. First, using a spacelike momentum field in de Sitter space,
Snyder?? derived a space—time quantization with a built-in Lorentz invariance;
second, de Sitter space is a solution of the KEinstein field equation, which
describes the accelerated expansion of the universe. In accordance with Snyder’s
work, they showed that the quantized form of T can be given by a combined
form of the Majorana fermion field, which behaves as an energy—momentum
tensor with “virtual photons” acting as mediators of electromagnetic field
interactions and 7" associated with a unique ground state M, which can be
regarded as a compound Rarita—Schwinger state with a spin of 3/2. In terms of
the accelerated expansion of the universe, they considered the possibility that
the trace of the energy—momentum tensor representing M, can be interpreted as
a “reduced cosmological constant” App (negative in our sign convention) whose
magnitude can be evaluated by the new theory of dressed photons. In fact, App
is —2.47 x 107" m~2, while the observed value of A, derived from Planck
satellite observations,** is —3.7 x 10753 m~2.

The light field, including the newly identified spacelike counterpart U,,, is an
essential element in the theory of dressed photons. An especially intriguing
aspect of dressed photons is that even in the lightlike field U, that satisfies
(U,)*U" =0, where (U,)* is the complex conjugate of U,, the spacelike KG
equation V,Vo\ — (ko)?>\ = 0 is “encoded” in this lightlike field through CP. If
the conformal symmetry of the lightlike U, field, which has W? = 0 and may be
related to the Weyl curvature hypothesis proposed by Penrose,?” breaks, then
the spacelike U, field emerges, along with the above-mentioned M, which is
responsible for generating de Sitter space. de Sitter space has the unique
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structural characteristic of twin universes,?® with each twin universe separated
by the hypersurface of the event horizon embedded in it. Thus, starting from
“the big bang” in the respective domains caused by the conformal symmetry
breaking of the lightlike U, field, the twin universes (with one consisting of
ordinary matter and the other consisting of anti-matter in the sense of time
reversal) merge eons later at the event horizon and return to the original light
phase. In this scenario, the creation and annihilation of the universe can be
compared to those of elementary particles according to the intermediation of the
light field. We believe that this cyclic twin universe cosmology is similar to the
conformal cyclic cosmology>® proposed by Penrose.

The newly proposed cosmology described above includes two noteworthy features
that are missing from current cosmology based on cosmic inflation scenarios. First, in
the former, instead of treating vacuum energy as starting from nothing, we assume
the infinite cyclicity of the twin universes, with the “nodes” represented as a
“lightlike universe” with null distance. One cycle begins with the conformal sym-
metry breaking of the nodal lightlike universe, and because of the property W? = 02%
(the aforementioned Weyl curvature hypothesis) of the nodal universe, the isotropy
of the emerging nonlightlike universe can be naturally explained, in sharp contrast to
inflation scenarios. Furthermore, the twin structure of the universe provides a simple
solution to the missing anti-matter problem.

5.2.3. On the flatness of the universe and the thermodynamic twin structure

In addition to the isotropy of the universe, we must consider the flatness problem.
Sakuma, et al.?® proposed an SCSB hypothesis, which is referred to in the argument
immediately before Eq. (38). According to this hypothesis, the twin universes are
assumed to be metric space-times emerging from simultaneous transitions from
null electromagnetic and gravitational fields that satisfy (U,)*U” = 0 and W? =0,
respectively, to the symmetry breaking spacelike (U,)*U” < 0 and W? #£ 0 fields.
The key assumption of SCSB is that this transition can be parametrized by kg, and
our reasoning is based on the following two facts:

(a) The abundance ratio of dark matter to dark energy is approximately 1/3.
(b) The physical meaning of the cosmological term Agt’ can be explained by
Eq. (34).

In Subsec. 5.2.1, we discussed a new plausible form of dark matter; however, given
its overwhelming presence over ordinary matter, we do not believe that the dark
matter modeled by Qu# is the most dominant form of dark matter.

As we explained in item (iii) of Subsec. 5.2.2, in the model of Sakuma et al., the
observable effect of dark energy is generated by the reduced cosmological constant
App, which has been shown to be proportional to 3(x)?. We include the factor 3 in
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the expression of App because the spatial dimension of our universe is three. Recall
that our original goal, which led to the introduction of App, was to properly evaluate
the involvement of the spacelike momentum field in quantum field interactions,
and the existence of App was derived from electromagnetic field interactions as an
important parameter characterizing the ground state of spacelike “virtual photons”.
The similarity between Newtonian gravity and electromagnetic Coulomb force
strongly suggests a possibility that the physical entity similar to spacelike *
photons” must be involved in gravitational field interactions. Thus, we believe that it
is natural to assume that a similar argument can be extended to gravitational field
interactions, although we do not have a satisfactory quantum gravitational theory.
In electromagnetism, the spacelike extension of Maxwell theory is given by Eq. (41).
For the gravitational case, based on Eq. (39), we introduce a spacelike extension with
the form T" = Qu“u”, where u* satisfies the spacelike four-vector condition
u’u, = —1. We investigated this form because the important scalar parameter in our
“zero-point energy” of the Q
field, which exists implicitly in the quantum version of Eq. (11).

‘virtual

dark matter model must be identified in terms of the

The energy-quantized version of 7" is the one in which € is discretized and the
minimum value of € := Min[|Q|] > 0 exists, which can be compared to the zero-
point energy hv/2 of a harmonic oscillator. As previously stated in the discussion of
dark energy by Sakuma et al.,2® the spacelike energy—momentum tensor 7" = Qutu,,
is not observable, except for its trace, which can be observed as invariant under
general coordinate transformations. On the basis of their arguments, we may say
that the zero-point energy —Qo, as the trace of (TZ)O, can be reinterpreted by
transferring it from the right-hand side of the Einstein field Eq. (37) to the left-hand
side as the hypothetical cosmological term A(Qo)g’“’, in which the existence of gt is
formal and has no physical meanings, where

~ 87G ~
4A(Qo) = CTQO (44)

In contrast to the case of dark energy, however, we can investigate a different pos-
sibility in the dark matter model; that is, based on guiding fact (b), we can interpret

A(¢)g" not as the hypothetical cosmological term mentioned above but instead as
“a real” cosmological term with the form Ag,¢"’, where Ag,, = A(QO) and g"
represent the energy—momentum tensor of the conformal gravity field given by
Eq. (34). Then, by applying guiding fact (a) to A, = A(Q()), we can introduce a core

assumption of the SCSB hypothesis, which has the form
Adm = A(QO) = _ADP/3 > 0. (45)

First, we note that the condition of W2 # 0 in Eq. (34) is necessary to define g* as
the energy—momentum tensor of the conformal gravity field, which allows us to
hypothesize that Ay, is directly related to the minimum value of quantized |WW?2|.
Recall that the magnitude of QO depends on the undetermined constant parameter
Tr, which was introduced in the argument of Eq. (38). By adjusting this parameter,
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we can ensure that A(QO) is equal to Ag,,, which corresponds to the minimum value
of quantized |W?2|. Second, as previously mentioned, —App is proportional to 3(r)?;
thus, according to Eq. (45), the parameter Ay, of the gravitational field is related to
the parameter (k,)? of the electromagnetic field. Since the factor of 3 in —App reflects
the spatial dimension of our universe, we hypothesize that Ag, o (%) implies the
“equipartition of energy” in four-dimensional space-time, which can be concisely
represented by a sign convention with the form (+,—, —, —). The overwhelmingly
large abundance ratios of dark energy and dark matter to ordinary matter suggest
that the space—time structure of our universe is determined by these two dark
components. As a result of the above-mentioned “equipartition of energy”, our
universe has a nearly flat space—time structure. Thus, Eq. (45) relates the parameter
of conformal symmetry breaking in an electromagnetic field to that in a gravitational
field in a way that it is consistent with observational evidence.

Agm, as defined in Eq. (45), is a unique parameter of anti-de Sitter space (ADS),
the theoretical importance of which can be appreciated by ADS/CFT correspon-
dence. Although an expansion-accelerated universe, such as ours, is not ADS itself, it
is worth noting that the scale of our universe as one of the pairs is given exactly by
Agp;?® thus, in this sense, ADS must be a genuine scale parameter of our universe. If
we choose a natural unit system in which the speed of light ¢ and the Planck constant

h have unit magnitude, then the length scale \/1/(g)? ~ 40 nanometer, called the

28

dressed photon constant, can be shown to be the geometric mean®® of the smallest

Planck length and the largest \/1/Aqy,. It is also worth noting that /1/(k)? pro-
vides a rough estimate of the Heisenberg cut for electromagnetic phenomena. We can
argue that the dark matter phenomenon can be explained by combining Qu* cur-
rents in regions where R*” is negligibly small, which was noted in the argument after
Eq. (39), and the result derived of Eq. (45).

Regarding the twin structure of universes and the thermodynamic aspect of space—
time, we briefly refer to Tomita—Takesaki theory®S on the Kubo-Martin—Schwinger
(KMS) state, which can be regarded as a generalization of the Gibbs state that covers
thermodynamic equilibrium states with infinite degrees of freedom for which we
cannot define trace operations. Since the KMS state is a mixed state, its corre-
sponding Gel’fand—-Naimark—Segal representation is reducible. Therefore, for M
defined as a von Neumann algebra in Hilbert space §), there exists a commutant M’
that satisfies the following inversion relation:

IMI =M, eI Me ™ =M, J>=1, (46)
JHJ = —H, (47)

where H and J denote the Hamiltonian and the anti-unitary operator known as the
modular conjugate operator. The spectrum of the Hamiltonian is symmetric with
regard to its sign, indicating the existence of states with negative energy, whose
stability is known to be greater than that of a vacuum state.?” Thus, we believe that
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the result of Tomita—Takesaki theory applies to the case of twin universes discussed
in this paper.

Acknowledgments

We appreciate the anonymous reviewers for their valuable comments which helped
us to improve the quality of this paper. This research was partially supported by a
collaboration with the Institute of Mathematics for Industry, Kyushu University and
the first author is especially thankful for the help of Prof. Y. Fukumoto in promoting
this collaboration.

Appendix A
Dividing Eq. (15) by n, we have
(w/n)u’d,u, — (0,p)/n + (u,u”/n)d,p = 0. (A1)
The first term on the left-hand side of (A.1) can be rewritten as
uu(w/n)auu/t = uy[au{(w/n)uu} - uy,au(w/n)]
= w0} — O, L/} + 9, )
— u’u,0,(w/n). (A.2)
With the new notation for the vorticity field w,, :=d,[(w/n)u,] — 0,[(w/n)u,],
(A.2) becomes
u”(w/n)ou, = —w,u’ +u’0,{(w/n)u,} —u’u,d,(w/n). (A.3)
By substituting (A.3) into (A.1), we obtain
_w;wuu + ulla,u{(w/n)uu} - (aup)/n - uyulj[au(w/n) - (aup)/n] =0. (A4)
Next, by applying u”u, = 1 to the second term in (A.4), we obtain
u’0,{(w/n)u,} = 9, {(w/n)u"u,} — (w/n)u,0,u” = d,(w/n). (A.5)
In addition, according to Egs. (9) and (13), the sum of the last two terms in (A.4)
becomes —u,u"T0,(c/n) = 0; thus, we can finally obtain that

—wyuu’ +0,(w/n) —(9,p)/n=0= w,u” =T39,(0c/n). (A.6)
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