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Abstract: We connect the Grover walk with sinks to the Grover walk with tails. The survival
probability of the Grover walk with sinks in the long time limit is characterized by the centered
generalized eigenspace of the Grover walk with tails. The centered eigenspace of the Grover walk is
the attractor eigenspace of the Grover walk with sinks. It is described by the persistent eigenspace
of the underlying random walk whose support has no overlap to the boundaries of the graph and
combinatorial flow in graph theory.
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1. Introduction

A simple random walker on a finite and connected graph starting from any vertex
hits an arbitrary vertex in a finite time. This fact implies that, if we consider a subset of
the vertices of this graph as sinks, where the random walker is absorbed, then the survival
probability of the random walk in the long time limit converges to zero. However, for
quantum walks (QW) [1], the situation is more complicated and the survival probability
depends in general on the graph, coin operator, and the initial state of the walk. For
a two-state quantum walk on a finite line with sinks on both ends and a non-trivial
coin, the survival probability is also zero, as shown by the studies of the corresponding
absorption problem [2-5]. However, for a three-state quantum walk with the Grover
coin [6], the survival probability on a finite line is non-vanishing [7] due to the existence
of trapped states. These are the eigenstates of the unitary evolution operator which do
not have a support on the sinks. Trapped states crucially affect the efficiency of quantum
transport [8] and lead to counter-intuitive effects, e.g., the transport efficiency can be
improved by increasing the distance between the initial vertex and the sink [9,10]. We
find a similar phenomena to this quantum walk model in the experiment on the energy
transfer of the dressed photon [11] through the nanoparticles distributed in a finite three-
dimensional grid [12]. The output signal intensity increases when the depth direction is
larger. Although, when the depth is deeper, a lot of “detours" newly appear to reach to the
position of the output from the classical point of view, the output signal intensity of the
dressed photon becomes stronger. The existence of trapped states also results in infinite
hitting times [13,14].

In this paper, we analyze such counter-intuitive phenomena for the Grover walk on a
general connected graph using spectral analysis. The Grover walk is an induced quantum
walk of the random walk from the viewpoint of the spectral mapping theorem [15].

To this end, first, we connect the Grover walk with sinks to the Grover walk with
tails. The tails are the semi-infinite paths attached to a finite and connected graph. We
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call the set of vertices connecting to the tails the boundary. The Grover walk with tail
was introduced by [16,17] in terms of the scattering theory. If we set some appropriate
bounded initial state so that the support is included in the tail, the existence of the fixed
point of the dynamical system induced by the Grover walk with tails is shown, and the
stable generalized eigenspace H;, in which the dynamical system lives, is orthogonal to the
centered generalized eigenspace H, [18] at every time step [19]. The centered generalized
eigenspace is generated by the generalized eigenvectors of the principal submatrix of the
time evolution operator of the Grover walk with respect to the internal graph, and all the
corresponding absolute values of the eigenvalues are 1. This eigenstate is equivalent to the
attractor space [8] of the Grover walk with sink. Indeed, we show that the stationary state
of the Grover walk with sink is attracted to this centered generalized eigenstate. Secondly,
we characterize this centered generalized eigenspace using the persistent eigenspace of the
underlying random walk whose supports have no overlaps to the boundary, also using the
concept of “flow” from graph theory. From this result, we see that the existence of the per-
sistent eigenspace of the underlying random walk significantly influences the asymptotic
behavior of the corresponding Grover walk, although it has little effect on the asymptotic
behavior of the random walk itself. Moreover, we clarify that the graph structure which
constructs the symmetric or anti-symmetric flow satisfying the Kirchhoff’s law contributes
to the non-zero survival probability of the Grover walk, as suggested in [8,15].

This paper is organized as follows. In Section 2, we prepare the notations of graphs
and give the definition of the Grover walk and the boundary operators which are related
to the chain. In Section 3, we give the definition of the Grover walk on a graph with sinks.
In Section 4, a necessary and sufficient condition for the surviving of the Grover walk is
described. In Section 5, we give an example. Section 6 is devoted to the relation between the
Grover walk with sink and the Grover walk with tail. In Section 7, we partially characterize
the centered generalized eigenspace using the concept of flow from graph theory.

2. Preliminary
2.1. Graph Notation

Let G = (V, A) be a connected and symmetric digraph such that an arc a € A if and
only if its inverse arc @ € A. The origin and terminal vertices of a € A are denoted by
o(a) € V and t(a) € V, respectively. Assume that G has no multiple arcs. If t(a) = o(a),
we call such an arc a the self-loop. In this paper, we regard a = a for any self-loops. We
denote A, as the set of all self-loops. The degree of v € V is defined by

deg(v) = {a € A | t(a) = v}|.

The support edge of a € A\ A, is denoted by |a| with |a| = |a|. The set of (non-directed)
edges is
E={la]|ac A\ As}.

A walk in G is a sequence of arcs such that p = (ag, a1, ...,4,-1) with t(a;) = o(aj1)
foranyj =0,...,r — 2, which may have the same arcs in p. The cycle in G is a subgraph of G
which is isomorphic to a sequence of arcs (ag, a1, - ..,a4,-1) (r > 3) satisfying t(a;) = o(aj41)
witha; #4;,1 forany j = 0,...,r — 1, where the subscript is the modulus of . We identify
(ag, ags1, - ., agrr—1) with (ag,aq,...,a,_1) for k € Z. The spanning tree of G is a connected
subtree of G covering all vertices of G. A fundamental cycle induced by the spanning tree is
the cycle in G generated by recovering an arc which is outside of the spanning tree to the
spanning tree. There are two choices of orientations for each support of the fundamental
cycle, but we choose only one of them as the representative. Fixing a spanning tree, we
denote the set of fundamental cycles by I'. Then, the cardinality of T'is |E| — |V| 4+ 1 =: by.
We call by the first Betti number.
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2.2. Definition of the Grover Walk
Let () be a discrete set. The vector space whose standard basis is labeled by each
element of () is denoted by C. The standard basis is denoted by 5&0) (we),ie.,

1 rw=u
59 (') = !
w () 0 : otherwise.

Throughout this paper, the inner product is standard, i.e.,

W o)a= ) Pw)p(w),

we)

for any ¢, ¢ € C?, and the norm is defined by

lla =/ (¢ ¥)a

For any ¢ € C, the support of ¢ is defined by

supp(¢) == {w € Q| p(w) # 0}
For subspaces M, N C C2, the relation
Ce=MoN,

means that M and N are complementary spaces in C%, i.e., for any f € C?, ¢ € M and
h € N are uniquely determined such that f = g + h, which means, if u’ + u” = 0 for some
u' € O andu” € O, then v’ and u” mustbe 1’ = u”" = 0. Note that (g, 1) # 0in general,
i.e.,, M and N are not necessarily orthogonal subspaces. Especially in this paper, we treat
an operator which is a submatrix of a unitary operator, and we are not ensured that it is a
normal operator. The vector space describing the whole system of the Grover walk is C*.
The time evolution operator of the Grover walk on G is defined by

(Ush) (@) = ~p(@) + g Lo
t(b)=o(a

for any ¢ € C/ and a € A. Note that, since U is a unitary operator on C4, U preserves
the (2 norm, i.e., ||[Ugy||3 = ||¢]%4. Let ¥, € C# be the nth iteration of the Grover walk
P, = Ugy,—1 (n > 1) with the initial state 1. Then, the probability distribution at time #,
in : V — [0,1], can be defined by

un(0) = 3 [pu(a)l?

t(a)=v

if the norm of the initial state is unity. Our interest is the asymptotic behavior of the
sequence of probabilities j1, and also of amplitudes 1, on the graph comparing with the
behavior of the corresponding random walk.

2.3. Boundary Operators

Let G = (V, A) be the original graph. The set of sinks is denoted by Vs C V. The
subgraph of G; Gy = (Vp, Ao), is defined by

Vo=V\V;, Ag={a€ A|t(a)o(a) & Vs}.
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The set of self-loops in Gy is denoted by Ag, C Ap (see Figure 1). The set of the
fundamental cycles in Gy is denoted by I hereafter. The set of boundary vertices of Gy is
defined by

0Go={o(a) |a€ A, o(a) e V\V;, t(a) € Vi}.

This means that Gy consists of the origins of arcs flowing into the sinks. Under the
above settings of graphs, let us now prepare some notations to show our main theorem.

|

G

Figure 1. The setting of graphs: The original graph G is depicted in the left corner. The sinks Vs are
the white vertices. The subgraph Gy of G is the black colored graph in the center. The set of boundary
vertices 6V is {2,4}. The semi-infinite graph G is constructed by connecting the infinite length path
to each boundary vertex of Gy.

Definition 1. Let deg(u) be the degree of u in the original graph G. Let Gg = (Vp, Ao) be the
subgraph as above. Then, the boundary operators d; : CA% — CY and 9, : CT — C%0 are
denoted by

1

d V) = ———— a), (o a) = c),
@) = s T vla), @@= T ¥

respectively, for any ¢ € CA, ¥ € Cl and v € Vy, a € Ag. Here, A(c) is the set of arcs of c € T.

The boundary operator d; has the following matrix representation

(dl)u,a = {1/ deg

otherw1se

while the boundary operator 0 has the following matrix representation

(9r)ae — {1 ca € Alc),

0 : otherwise.

Note that deg(u) is the degree of G; thus, if u € Gy, then deg(u) is greater than the
degree in Gy. The adjoint operators of d; and 9d; are defined by

(frdip)v, = dif, P)a,,  ($,02%)a, = (39, ¥)r

which imply
(d1f)(a) = f(t(@), @39)(c) = ) IIJ

acA(c
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Let S : C4 — C% be a unitary operator defined by (Sy)(a) = ¢(a). We prove that
the composition of dq (I — S) o 9; is identically equal to zero as follows.

Lemma 1. Let dy and 9, be the above. Then, we have

dy(I—S)d, = 0.

Proof. Foranyc €T, let 5C(1“) € CT be the delta function, i.e.,

. . )
(5c(r)(C,)= 1 :c=C,
0 :c#C.

Then, it is enough to see that dq (I — S)azégr) = 0 for any c € T'. Indeed, we find

d(1—-8)0" =dy (Y o — Y &)

acA(c) acA(c)
1 (V) 1 (v)
= S S - sV
ae%(c) deg(t(a)) Ha) ae%(c) V deg(t(ﬁ» Ha)

= 0/
which is the desired conclusion. [

Let us set the function gﬁ” induced by ¢ € T by
e = (1 8)9,00).

In other words, supp(ffgﬂ) = A(c)UA(?¢) and

1 :ae€Alc),
EN@) =4 -1 :aeAl),
0 : otherwise.

The function CEH represents the fundamental cycle c. Let us introduce x5 : C4 — C%40 by
(xs¢)(a) = ¢(a)

foralla € Ag. The adjoint x§ : C — C# is described by

fla) :ae A,
0 : otherwise.

(xsf)(a) = {
A matrix representation of xg is expressed as follows:
Xs = [1a,|0],
which is a |Ag| X |A| matrix. The function §£+) satisfies the following properties:

Proposition 1. For any fundamental cycle c in Gy C G, we have X§§£+) € ker(1 — Ug).
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Proof. The following direct computation gives the consequence:

Ulcx§§5+5(a):=(X§C§+5(a)4ck¥ﬂi%a))( E_osee)
t(b)=o(a

= (e (@) + e (152 ) (0(a)

deg(0(a))
= (xzet) (a).

Here, the first equality derives from the definition of Ug. In the second equality, since

supp( EH) C Ap C A and the summation of RHS in the first equality is essentially the

same as the one over Ag, we can apply the definition of d; to this. We use Lemma 1 in the
last equality. O

We set K C C% by

K = span{xs¢\™ | c € T C Go}. (1)

The self-adjoint operator
T := (xsd1)S(xsd1)"

on C% is similar to the transition probability operator P’ with the Dirichlet boundary
condition on §Vj; i.e.,
P/ — Dfl/ZTDl/Z

where (Df) = deg(u)f(u). Here, the matrix representation of P’ is described by

1/deg(u) :if u and v are connected,
(P up = <5£¢V0)/P/5Z(JVO)>V0 = B() .
0 : otherwise,

foranyu,v € Vo. If Tf = xf and Tg = yg (x # y), then we find the orthogonality such that
<(1 _ eiarccosxs>d1ﬁf/ (1 o efiarccosys)dig> =0,

<(1 _ eiarccosxs)disf/ (1- eiarccosys)di‘g> =0,
((1— eiarccosxs)dff, (1- e—iarccosys)di‘g> =0.
Then, we set 7 C CAo by

T=@{1-A8)dif | f eker((A+A71)/2=T), supp(f) C Vo \dVo}. ()
A|=1

This is the subspace of C%0 lifted up from the eigenfunctions in C"0 of the Dirichlet
cut random walk T by (1 — AS)d; f. It is shown that Spec(E) C DD, where I is the unit disc
{z € C| |z| <1} in Proposition 3, and 7 = @51, \2+1 ker(A — E), where E := xsUcx;
in Lemma 3.

3. Definition of the Grover Walk on Graphs with Sinks

Let G = (V, A) be a finite and connected graph with sinks Vs = {vy,...,v;,} C V.
We consider the subgraph Gy = (Vo, Ap) as defined in Section 2.3. Assume that Gy is
connected. For simplicity, in this paper, we consider the initial state of the Grover walk ¢y
that satisfies the condition supp(¢y) C Ayp. (If we consider general initial state ¢ such that
supp(¢p) N (A \ Ag) # @, replacing ¢y, into ¢y = ¢}, we can reproduce the QW with this
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initial state after n > 1 by our setting.) The time evolution of the Grover walk with sinks V;
with such an initial state ¢y is defined by

on(a) = {(uc,%l)(a) () €V VL, -

0 1t(a) €V,

This means that a quantum walker at a sink falls into a pit trap. We are interested in
the survival probability of the Grover walk defined by

7 := lim Z |¢>n(a)|2.

n—00
acA

It is the probability that the quantum walker remains in the graph without falling
into the sinks forever. Considering the corresponding isotropic random walk with sinks
such that

_ JPpaa)(@) v VAV
p"(v)_{o ve v,

we find that its survival probability is zero,

ARV — nh_I)Iolo Z pn(v) =0,
veV

because the first hitting time of a random walk to an arbitrary vertex for a finite graph is
finite. On the other hand, in the case of the Grover walk, the survival probability becomes
positive, up to the initial state. In this paper, we clarify a necessary and sufficient condition
for ¥ > 0.

4. Main Theorem
We consider the case study on Gy by

Case A: Ag, = @ and Gy is a bipartite graph;

Case B: Ay, = @ and Gy is a non-bipartite graph;

Case C: Ay # @ and Gy \ Ao is a bipartite graph;
Case D: Ay, # @ and Gy \ Ag is a non-bipartite graph.

For a subspace H C C%, the projection operator onto # is denoted by IT3. Then, we
obtain the following theorem.

Theorem 1. Let ¢, be the nth iteration of the Grover walk on G = (V, A) with sinks. Let the
survival probability at time n be defined by

=Y |(@n).
acA
The subspaces A, B,C, D of CA0 are defined in (7),..., (10), respectively. Then, we have

1. limy_e vy = 7 exists.
The survival probability vy is expressed by

[[TLaxsgol|* : Case A
|[Tgxs¢ol[> : Case B
|[Texsgol[>  : Case C
|[Tpxseol[* : Case D

v = |[Trxs¢ol > + | T xseol > +

Proof. Part 1 of Theorem 1 is obtained by the consequences of Proposition 3 and Part 2
derives from Propositions 5 and 6. O
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From this theorem, we obtain useful sufficient conditions for non-zero survival proba-
bility as follows.

Corollary 1. Assume Gy is a finite and connected graph. If Gy is not a tree or Gy has more than
two self-loops, then v > 0.

Remark 1. The eigenspaces A, B,C, D correspond to the p-attractors defined in [8].

5. Example

Let us consider a simple example in Figure 1. Gy = (Vp, Ag) with V = {1,2,3,4} and
Ao = {ay,ay,a3,a4,a1,0,43, a4, b1, by }, where a; has the origin 1 and the terminus 2; a, has
the origin 2 and the terminus 3; a3 has the origin 1 and the terminus 4; a4 has the origin 1
and the terminus 1; and by and b, are the self loops on 1 and 3, respectively.

This graph fits into Case C. Thus, let g be the closed walk by g = (ay, a3, a3,a4) and ¢’

be the walk between two selfloops by (b1, a1, a2, b3). Then, CSH , and the functions defined
by (6) and Definition 2 are given by

‘:'5+) = (0ay + ba, + day + 0ay) — (03, + 03, + bay + 0ay,)
g‘g_) = (5'11 + 5ﬁ1> B (502 + (552) + (5513 + 553) - (5a4 + 554)/
T]b] 71)2 = 5h1 - (5111 + 551) + (5112 + (SEZ) - (sz-

The matrix representation of the self adjoint operator T is expressed by

110 1
1{1 0 1 0
T_§0111'

1010

The eigenvector of T which has no overlaps to 6V = {2,4} is easily obtained by
f=1[,0 -1,0"
which satisfies Tf = (1/3)f. Here, the symbol “T" is the transpose. The eigenfunctions
lifted up to C4 from f is
(9+)(a) = f(t(a)) = A+ f(o(a))
by (2), where
Ay = %(1 +iv/8) = ¢t = arccos %
Then, we have
p+(a1) = —Ay, @x(a2) = =1, p+(a3) = Ax, ps(ag) =1,

9+(a1) =1, 91(@2) = A, 92(a3) = 1, 92(ds) = —Ax,
¢+(b1) =1—=Ax, p+(bp) = =14 Ag.

It holds that Ep+ = A+ ¢+. We obtain

T — (Cq)+ @ Cq)fl
K =cett)

a1,a2,03,04)"

(
c= CgE*’ & Crfp,_p,-

a1,a2,03,04)
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After the Gram-Schmidt procedure to C, we have

C = (CC(f) ) @ C(’?bﬁbz + Wi’l*bZ)'

(a1,a2,a3,04

Here, we denote
;71/71—272 = (Shl - (55’4 + (554) + (5u3 + 553) - 5b2

(see Figure 2). We express the functions ¢+, ¢ E;?az’%m, Ny —bys 77{,14,2, Mo, —b, + 171’]17 b, DY
weighted sub-digraphs of Gy. Then, the time evolution of the asymptotic dynamics of this

quantum walk is described by

n 1) (+)
u N§|C( ><€ |

ﬂlxﬂz,ﬂ3,ﬂ4) (ﬂllﬂz,ﬂsxh)

1 .- - 1
+(-1)" (8|<:§,,3a2,a3,a4)><c§u3@,ﬂ3ﬂ4)| g oy by ) Ul + m’,l_bz|)

o 3 —ing 3
e 2 g g e o ) (o-| @)

Figure 2. The centered eigenspace of the example: The centered eigenspace to which Grover
walk with sinks asymptotically belongs in this example is 7 @ K @ C. Each weighted sub-digraph
represents a function in CAo; the complex value at each arc is the returned value of the function. Each
eigenspace, T, K, and C, is spanned by the functions represented by these weighted sub-digraphs.

Finally, for example, if the initial state is ¢g = Jp,, then the survival probability can be
computed by

v = |7 gol|* + [ TLc ol I* + |[TIe o 2
1 2 3 2 3 2
= 1g/ b6y 11—y 90) "+ 351{0, 90) [* + 55 /(9 o)
1 3 3
= — 2P+ =1 —A P+ —=[1—-A_)?
1217+ 5 1= A"+ 55 |
=1/2.
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The second equality derives from the fact that the orthonormalized eigenvectors in
the centered generalized eigenspace which have an overlap with the self-loop b, are given
by (1/4)(1p,—p, + 11y, _p,) and v/3/32 .

6. Relation between Grover Walk with Sinks and Grover Walk with Tails
6.1. Grover Walk on Graphs with Tnils

Let G = (V, A) be a finite and connected graph with the set of sinks V; C V. We
introduce the infinite graph G = (V, A) by adding the semi-infinite paths to each vertex of
6V ={vy,..., 0.}, thatis,

V= (VA Vi) U (Ui V(P))),
A=U_1AP)) U (A\{a€ A|t(a) € Vsoro(a) € Vi}).

Here, P;s are the semi-infinite paths named the tail whose origin vertex is identified
with v; (i = 1,...,7) (see Figure 1). Recall that Gy = (V), Ap) is the subgraph of G
eliminating the sinks V;. Recall also that x5 : C4 — C%0 is

(xs¢)(a) = ¢(a)

for alla € Ag. In the same way, we newly introduce xr : CA — Cho by
(xr¢)(a) = ¢(a)

foralla € Ap. The adjoint x% : C%0 — CAis

(i) ) = {f o) e Ao

0 : otherwise.
The only difference between xg and xt is the domain. A matrix representation of x is

xr =[] 0]
which is a |Ag| X co matrix because |A \ Ag] = . The following theorem was

proven by [19].

Theorem 2 ([19]). Let G = (V, A) be the graph with infinite tails {P;}7_y induced by Go and its
boundaries 6Vyy. Assume the initial state g is

ap :a€ A(Py), dist(o(a),vq) > dist(t(a),v1),

Yola) = ;Xr :a € A(Py), dist(o(a),vr) > dist(t(a), vr),

0 : otherwise.

Then, limy 00 P (a) =: Poo(a) exists and Poo(a) is expressed by

a1+t

p +j(a).

Yoo(a) =

Here, j(-) is the electric current flow on the electric circuit assigned the resistance value 1 at
each edge, that is, j(-) satisfies the following properties:
d1j=0, j(@) = —j(a) (Kirchhoff's current law)
95 j =0 (Kirchhoff's voltage law)
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with the boundary conditions
. a1+t
jlei) = a; — -

foranye; (i=1,...,r) such that t(e;) = vjand o(e;) € V(P;).

©)

Remark 2. The stationary state P, satisfies the equation

Yoo(a) = (Ugypeo)(a)

forany a € A and oo € €%, however ||{Poo|| 5 = 0.
Remark 3. The function §£+) =(1-S8 )az(sﬁm also satisfies

X a) = (Uexiet) (a)

and Kirchhoff’s current and voltage laws if the internal graph Gy is not a tree, while it does not
satisfy the boundary condition (5) because the support of this function X?CEH has no overlaps to

the tails but is included in the fundamental cycle c in the internal graph Gy.
6.2. Relation between Grover Walk with Sinks and Grover Walk with Tails

Let us consider the Grover walk on G with sinks V; and with the initial state l,b(()s) e CA.
We describe U as the time evolution operator of Grover walk on G. The nth iteration of

this walk following (3) is denoted by 1[1515). Let us also consider the Grover walk on G with
the tails and with the “same” initial state

5" (a) = {‘Pés)(”) 1a € A,

0 : otherwise.

Note that the initial state 1/;(()5) is different from the one in the setting of Theorem 2.
Putting the time evolution operator on G by U, we denote the nth iteration of this walk

by 1/J51T) = Uétpg)l. Then, we obtain a simple but important relation between QW with
sinks and QW with tails.

Lemma 2. Let the setting of the QW with sinks and QW with tails be as the above. Then, for any
time step n, we have

xSwff) = XTIP;ST)-

Proof. The initial state of XSIIJ(()S) coincides with lelJ((JT) because of the setting. Note
that xjx; is the projection operator onto C4o while x; X] is the identity operator on C4o

(] € {S, T}). Since 1pr(,s>(a) = 0 for any a € V;, we have

(1—xtxs)ps? =0

for any n € N. Then, putting )(Slp,(f) =: cp,(qs) and xsUgxs =: E, we have
o5 = xsui = xsUcyl?,
* * S
= xsUo (xss + (1= a9

= E‘l’gl + (xsUc(1— XEXS))BL’,SSJl
= E‘P;(f—)l'
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It is easy to see that E = xsUgxs = xTUgxT- Since the support of the initial state is
included in the internal graph, the inflow never comes into the internal graph from the tail
for any time n, which implies

(xrUes(1— x3xr))9s”) = 0.

It holds that E = xsUx% = xrUgx’. Then, putting gb,(f) = Xﬂp,(f), in the same way

as 11[]1(15 ), we have
¢51T) = xtUs(xhxr + (1 - X?XT))IPW(Q

= Eﬁbr@r

Therefore, xs 1/1,(15) and XTll)ng) follow the same recurrence and have the same initial
state which means )(54),(15) = lejJ,(lT) foranyn € N. O

Corollary 2. Let the initial state for the Grover walk with sinks be ¢po with supp(¢o) C Ao. The
survival probability v can be expressed by

[ee]
7= llgolli — Y s
n=0

where T, is the outflow of the QW with tails from the internal graph Gy, i.e.,

% T
= Y |UexieU) @)
o(a)edV, t(a)¢ Ay

Remark 4. The time evolution for 4>£,T) is given by
T T
o =Eg\” +p,

where p = )(TuclpéT). In this case, the inflow is p = 0. On the other hand, in the setting of
Theorem 2, p is given by a nonzero constant vector.

Let us now consider a QW with tails with a general initial state ¥ € CA on G. We
denote v = xr¥o and p = xrUg (1 — x*x)¥0. We summarize the relation between a QW
with sinks and a QW for the setting of Theorem 2 in Table 1 from the viewpoint of a QW
with tails.

Table 1. Relatiion beteween QWs with tails and sinks.

[y v State in Gy
QW with tails in the setting of Theorem 2 [19] #0 =0 € Hs (for any n)
QW with sinks =0 #0 €M (asymptotically)

7. Centered Generalized Eigenspace of E for the Grover Walk Case
7.1. The Stationary States from the Viewpoint of the Centered Generalized Eigenspace

From the above discussion, we see the importance of the spectral decomposition

E = xsUcxs = xtUeXT/
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to obtain both limit behaviors. The operator E is no longer a unitary operator, and, more-
over, it is not ensured that it is diagonalizable. The centered generalized eigenspace of E is
defined by

He:={p € C% | Im >1and I |A| = 1such that (E™ — A)y = 0}

Let H; be defined by
CAO == Hc D Hs-

Here, “®" means H. and H; are complementary spaces, that is, if u. + u, = 0 for
some u. € H. and u, € Hs, then u, and u, must be u. = u, = 0. Note that, since E is not a
normal operator on a vector space H. & Hs, it seems that in general (uc, uy) # 0 for u € H,
and Hs; € N. However, we can see some important properties of the spectrum of E in the
following proposition.

Proposition 2 ([19]).
1. Forany A € Spec(E), it holds that |A| < 1, i.e.,

Ho=1{y|3ImeN, I|A| <1, (U-A)"yp) =0}

2. Let P, be the projection operator on H. along with Hs; that is, P.E = EP, and P> = P,.
Then, P. is the orthogonal projection onto H,, i.e., P. = P}.

3. The operator E acts as a unitary operator on He, that is, He = &)= ker(A — E) and
Ucxse = Axse forany ¢ € ker(A — E) with [A] = 1.

We call H, and H; the centered eingenspace and the stable eigenspace [18], respectively.
Corollary 3. Forany € Hsand ¢ € H,, it holds that (p, ) = 0.

Now, let us see the stationary states from the viewpoint of the orthogonal decomposition
of He ® Hs.

Proposition 3.

1. The state xTy in Theorem 2 belongs to Hs for any time step n € N.
2. The state of QW with sinks, xs¢n, asymptotically belongs to H in the long time limit n.

Proof. The inflow p = x* Uy is orthogonal to H, by a direct consequence of Lemma 3.5
in [19], which implies E"p € H; for any n € N by Proposition 2. Since the stationary state
of Part 1 is described by the limit of the following recurrence

XT¥n = ExXtru_1+po, xro =0,

we obtain the conclusion of Part 1. On the other hand, let us consider the proof of Part 2 in
the following. The time evolution in Gy obeys xs¢n = Exs¢,—1. The overlap of xs¢, to
the space H; decreases more quickly than polynomial times because all the absolute values
of the generalized eigenvalues of s are strictly less than 1 (see Proposition 4 for more
detailed order of the convergence). Then, only the contribution of the centered eigenspace,
whose eigenvalues lie on the unit circle in the complex plain, remains in the long time
limit. O

Let W = P.E = EP. = P.EP. be the operator restricted to the centered eigenspace H..
Then, we have

lim |xs¢u(a) = W"xs¢o(a)| =0

for any a € Ag uniformly by Proposition 3. This means that, in the long time limit, the time
evolution is reduced to W, which is a unitary operator on H..
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Proposition 4. The survival probability is re-expressed by

7 = ||Pexsgo| |*-

The convergence speed (f(n) = O(g(n)) means lim, o |f(1n)/g(n)| < oo if the limit
exists) is estimated by O(n*rl},,,), where k = dim Hs, rmax = max{|A|; A € Spec(E), |A| <

1}.
Proof. Putting E(1 — P.) = W/, we have

W+W =E WW =0,
by Proposition 2 (2). Note that the operator E" is similar to

B Ak

A€Spec(E)
with some natural numbers k)s. Here, J(A; k) is the k-dimensional matrix by

A1
A1
J(A k) =
1
A

We obtain that the survival probability at each time 7 is described by

7 = [{UcXSE" " xs¢ol?
_ -1
= |[Ucxs(W"™ 1+ W™ ) xsol
- -1
= [[(W" 1+ W™ ) xsgol
_ -1
= |[W" xsol 2 + W™ xspol %

In the third equality, we use the fact that Ug is unitary; the last equality follows from
Corollary 3. The second term decreases to zero by Proposition 2 (2) with the convergence
speed at least O(n"rll ) because the Jordan matrix J(A; k) can be estimated by J(A; k)" =
O(nk|A|™). Hence, we find for v,

Tn = [[W" xsol? + O(n*1750) (1 >> 1)
= | ‘WnilPCXS‘P0| |2 + O(n"Tax)
= [[Pexsol[* + O(n"152),
where in the second equality we use that W = WP, and the last equality follows from
Proposition 2 (3). O
Therefore, the characterization of H, is important to obtain the asymptotic behavior

of ¢y.

7.2. Characterization of Centered Generalized Eigenspace by Graph Notations

The centered generalized eigenspace of E can be rewritten by using the boundary
operator dq and the self-adjoint operator T = d15d7 as follows.

Lemma 3 ([19]). Assume A € Spec(E) with |A| = 1. Then, we have
1. A= +£1lifand only ifker(A — E) = ker(—A — S) Nkerd;.
2. A # E1ifand only if supp(g) C Vo \ 0Vj forany g € ker((A +A"1)/2—T) # 0.
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In the following, we consider the characterization of ker(+1 — E) using some walks on
graph Gy up to the situations of the graph (Cases (A)—(D)). First, we prepare the following
notations. For each support edge e € Ey, there are two arcs a and @ such that |a| = |a|.
Let us choose one of the arcs from each e € Ejy and denote A as the set of selected arcs.
Then, |[Ay| = |Ep| anda € A, if and only if @ ¢ A holds. We set A,y = Agy U A, Let
us introduce the map ¢ : C4 — C4=» defined by (1¢)(a) = (a) for any ¢ € C4 and
a € Arep.

Let us define the boundary operator 9. : CA» — C% by

@)= ) e@- Y} ¢

t(a)=uin Ay o(a)=uin A4

for any ¢ € C4 and u € Vj. On the other hand, let us also define the boundary operator
o_ : CAer — CY by

Y 9@+ ¥ o¢a) : 1 has no selfloop,
(aiqo)(u) _ ta)=u (a)=u
Y ¢a)+ Y ¢(a)—¢(as) :uhasa selfloop as,
t(a)=u o(a)=u

for any ¢ € CAr and u € Vj. We obtain the following lemma.

Lemma 4. Let Gy = (Vp, Ao) be a graph with self-loops. We set E as the set of support edges of
Ag \ Ao, such that Ey = {|a| | a € Ao\ Ao }. Then, we have

dim[ker(1 — E)] = |Eo| — |Vo| + 1,

|Eo| — [Vo| +1 : Case A,
dim[ker(1+ E)] = q |Eo| — |Vo| : Case B,
|Eo| — [Vo| + |Aoe| : Cases Cand D,

Proof. Note that, if iy € ker(1+ S), then (@) = —y(a) forany a € A4, and, if ¢ € ker(d),
then Y5y ¢(a) = 0 for any u € Vp. We remark that, since (S¢)(as) = (as) for any
as € Aoy, we have (as) = 0if ¢ € ker(1 + S). Therefore, if i € ker(1+ S) Nker(d), then

Y @- ) (@)(a)=@pp)(u) =0
ta)=uin A4 o(a)=uin A4
holds. Then, ker(1 + S) Nkerd is isomorphic to {¢ € kerd | supp(¢) C A;}. Letus

consider ker d.;. By the definition of 9., we have 8+6¢5Am”) =0 forany a € A;. Hence, we
should eliminate the subspace of ker 9 induced by the self-loops. The dimension of this
subspace is | Ag|. The adjoint operator 9% : C"0 — C4+ of 9, is described by

(03f)(a) = f(t(a)) = f(o(a)),

forany f € C% and a € Ayp. If 9% f = 0 holds, then f(t(a)) = f(o(a)) for any
a € A;. This means f(u) = c for any u € V| with some non-zero constant c. Thus,
dimker(d* ) = 1. Therefore, the fundamental theorem of linear algebra (for a linear map
g: X =Y, dimker g = dim X — dim Y + dim ker g*) implies

dimker(1+ S) Nkerd = dimker(d4) — |Ag|
= ([Arep| = [Vo[ +1) — [Ao,e]
= |Eo| = [Vol + 1.
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Next, let us consider dim(ker(1 — S) Nkerd;). Note that, if ¢ € ker(1 — S), then
(@) = ¢a). Assume that ¢p € ker(1 — S) Nker(d;); then,

Y (wp)(a) =0 forany u € Vj,
t(a)=u

which is equivalent to

a_1p = 0.
The adjoint of d_ is described by

. [ ft@) + f(o(a)) :a€ Ay,
G=te) = {f(t(a)) L0 € Ay

Let us consider f € ker(d* ) in the cases for both Ay, = @ and Ay, # @.

Agy = O case:

If Gy is a bipartite graph, then we can decompose the vertex set V into X U Y, where
every edge connects a vertex in X to one in Y. Then, f(x) = kforany x € X and f(y) = —k
for any y € Y with some nonzero constant k. Hence, dimker(9*) = 1if Ag, = @ and Gy
is bipartite. On the other hand, if G is non-bipartite, then there must exist an odd length
fundamental cycle ¢ = (ag, a3, ..., a2, ). We have that

flo(a1)) = —f(o(az)) = f(o(a3)) = - = —f(o(az)) = f(o(a0)) = —f(o(ar))-

Then, f(u) = 0 for any u € V(c). Since Gy is connected, the value 0 is inherited to the
other vertices by f(t(a)) = —f(o(a)). After all, we have f = 0, which implies ker(0* ) =0
if Agy = @ and Gy is non-bipartite.

Ap # @ case: Since (0" f)(a) = f(t(a)) = 0if a € Agp, then f takes the value 0 at
the other vertices since f(f(a)) = —f(o(a)) for any a € A, which implies ker (0% ) = 0 if

AO,U' 3& D.
After all, by the fundamental theorem of the linear algebra,

1 :As =@, Gy is bipartite.

dimkero_ = |A — Vol +
| r€p| Vol {0 : otherwise.

Noting that | Asep| = |Eg| 4 | Ao |, we obtain the desired conclusion. [

In the following, let us find linearly independent eigenfunctions of ker(+1 — E) using
some concepts from graph theory. A walk p in Gy is a sequence p = (ag, a1, . ..,a,) of arcs
with t(a;) = o(aj11) (j = 0,1,...,r — 1), which may contain repeated arcs as defined in
Section 2.1. We set {ag, a1, ...,a,} =: A(p), and similarly A(p) = {ap, ..., a,} as multi sets.

We describe 5,(?) {ag,...,a, yU{ap,...,a,} — {£1} by

(;;I(g-k—)(a) _ {1 ) fE A(p),
-1 :aeA(p),

1 :la] €{]aj| | jis even},
—1 :|a| € {|a;| | jis odd}.

Then, we set the functions ¢ éi) € C4 by

& (0) = {Zb: s (b) 0 € Ap) UA(p), ©

P 0 : otherwise.

Now, we are ready to show the following proposition for ker(1 — E).



Symmetry 2021, 13, 1169

17 of 21

Proposition 5. Let §£+) be defined as (6). Then, we have
oy (+)
ker(1—E) =span{i; "’ |ce€T}.

Proof. By the definition of gé“, we have gé” € kerd; Nker(1 — S), which implies gé” €
ker(1 — E) by Lemma 3. We show the linear independence of {EEH}CQF. Let us set
I = {c,...,¢} and g = gﬁj*) (j = 1,...,7) induced by the spanning tree T C G.
Assume that

B1ér+- -+ BiGr = 0.
Puta, € Ao(cy) N (Ag \ A(T)). From the definition of the fundamental cycle, we have

;Blgl(ar) 4+ ﬁr@r(ar) =B, =0.

In the same way, leta,_1 € A(c,—1) N (Ag \ A(T)); then,

Bi¢i(ar) +- -+ Br—1Gr—1(a,—1) = Br—1 = 0.

Then, using it recursively, we obtain f; = --- = B, = 0, which means éjs are
linearly independent.
Then, dim(K) = |T'| = |Eg| — |Vo| + 1. By Lemma 4, we reach the conclusion. [

Define I';,I'e C I as the set of odd and even length fundamental cycles. In the
following, to obtain a characterization of ker(1 + E) = ker(1 — S) Nker(d;), we construct
the function 77, € ker(1 — S) Nker(d;), which is determined by x,y € Ag UT,. The main
idea to construct such a function is as follows. By the definition of @,gf) for any walk g,
61(7_) € ker(1 — S). This is equivalent to assigning the symbols “+” and “—" alternatively
to each edge along the walk g. If the walk c is an even length cycle, then a symbol on each
edge of c is different from the ones on the neighbor’s edges; this means

Y &)@ =o,

ta)=u

for every u. Then, gﬁ‘) € ker(d;) Nker(1 — S) holds. On the other hand, if the walk
¢ = (by,...,by) is an odd length cycle, then a “frustration” appears at u := o(by); i.e.,

Y &) =2

t(a)=u

There are two ways to vanish this frustration: the first is to make a cancellation by
another frustration induced by another odd cycle ¢’ and the second is to push the frustration
to a self-loop. That is the reason the domains of x and y are Ay, UT,. We give more precise
explanations of the constructions as follows. See also Figure 3.
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Figure 3. Construction of eigenfunction 7., € C40: Each graph with signs + represents the

function 77y The support of 77y y is included in the arcs of each graphs. The signs are the return

values of this function at each arcs. The return values of the inverse arcs are the same as the original

arcs. The signs are assigned alternatively along the red colored walks. At each time where the walk

runs through an arc, we take the sum of the signs; e.g., in the case for x € A,y € Iy, the walk runs

through the self-loop twice, and then the return value at the self-loops of the functionis1+1 = 2.

Definition 2. Construction of 7, € C/o:

The function 1y, is described by Cff) induced by a walk depending on the indexes of x, y.

In this paper, we consider four cases of the domains of x and y: (1) x € Ty, y € To; (2) x € Ay,
YEA,B)x € As,y €Ty and (4 x €Ty, y € A

1.

x el yel,case:

If Gy is a bipartite graph, let us fix an odd length fundamental cycle c. = (ag,...,a,—1) € I
and pick up another ¢ € Ty = (by,...,bs_1). We set the following walk q and define the
function on CAo; Cgf) =:0dc, ¢, induced by cy,c € T'y:

(a) coNc # @ case: We set q as the shortest closed walk starting from a vertex
up € V(co) NV(c) and visiting all the vertices of V(co) and V(c); that is, g =
(@i, 8iyr,bj, ... bsyj). Here 0(a;) = o(b;) = ug and the suffices are modulus of
rand s.

(b) co Nc = D case: Let us fix the shortest path between cy and ¢ by p = (p1,..., pt).
Denoting the vertex in V(cs) connecting to p by ug € V(cx), we set q by the
shortest closed walk q starting from u, and visiting all the vertices; that is, q =
(i) @rgis PO -+ Pt b sy, Pre .., P1), where o(a;) = t(a,y;) = o(p1) =
uo, t(pt) = o(bj) = t(bsy;).

Note that, by the definition of the fundamental cycle, the intersection co N c is a path in Case

(1). Since Gy is connected, there is a path connecting c, to c and we fix such a path for every

pair of (c«, c) in Case (2).

x € Ayand y € A, case:

If the number of self-loops |Ay| > 2, let us fix a self-loop a. from A, and a path between a,

toeacha € Ay \ {a.}. Let us denote the path between a, and aby p = (p1,...,pt). Then,

we set the walk from a, toa by q = (ax, p1,...,pt,a) and é,gf) =: g, —a-

x € Agandy € T, case:

If |Ay| > 1and G\ Ay is a non-bipartite graph, let us fix a self-loop a, and pick up an

odd cycle ¢ = (by,...,bs) € To; if the self-loop o(a.) € V(c), we set the walk starting

from a, visiting all the vertices V(c) and returning back to a, by g = (ax, by, ..., by, a.);

and, for o(a,) ¢ V(c), let us fix a path p = (p1, ..., pt) between o(as) and o(by) and set

the walk starting from a, visiting all the vertices V(p) U V(c) and returning back to a.;

qg=(ax,p1,---,pt,bo..., b, pt, ..., P1,a+). Then, we set C,g_) = Na, c-
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4. xeTl,andy € A, case:
Let us fix an odd length fundamental cycle ¢, € Ty = (b, ..., bs_1) and pick up a self-loop
a € Ay. Let us set a short length path p between o(a) and o(by). Then, we consider the same

walk g as in Case (3) and set @é_) = Yc,a-

By the construction, we have 7, ,, € ker(1 — S) Nker(d;). Using the function 7y, we
obtain the following characterization of ker(—1 — E).

Proposition 6. Let 55*) be defined by (6) and 1y, be the above. Let us fix a, € Ay and ¢, € T.
Then, we have

span{ggf) |ceT} : Case (A),
ker(1+ E) — span{ggf) |ceTl.} ®span{rc,—c|ceTlo\{c}} : Case (B),
span{ggf) |ceT}@span{ya,—a|a € Aos \ {a:+}} : Case (C),

span{&\ ) | c € T.} @ span{na, y | y € ToU (Agy \ {a.})} : Case (D).

Proof. We put

A:=span{g!”) |ceT}, @)
B:=span{¢ ) | c €T} @span{y, . |c €T, \{c.}}, (®)
C=span{z\”) [ c € T} @ span{y,, o | a € Age\ {a.}}, ©)
D :=span{¢t ) | c €T} @span{ya.y |y € T U (Ao \ {a.})} (10)

(see also Figure 4). From the construction of 7, and gﬁ‘), the linear independence is
immediately obtained. Let us check the dimensions for each case.

In Case (A),
dim(A) = || = |Eo| — [Vo| + 1.

In Case (B),
dim(B) = [Te[ 4 (|To| = 1) = |Eo| — [Vol.

In Case (C),

dim(C) = [I[ + ([Aoe| — 1) = [Eo| — [Vo| + [Agel-
In Case (D),

dim(D) = [T + (ITo| = 1) + (|Age| = 1) = [Eol — Vol + [Aoe]-

By Lemma 4, we reach the conclusion. O

Remark 5. “M @ N” in Proposition 6 means that M and N are just complementary spaces; the
orthogonality is not ensured in general.

Remark 6. If |T',| = 1 in Case (B), we have B = span{zjg*) | ceT.}. If|Agy| = 1in Case (C),
we have C = span{(jg_) |ceT}.

Remark 7. The subspace D can be re-expressed by

D =span{a!”) | c € T} @span{ne, y |y € (T \ {c.}) U Age}.



Symmetry 2021, 13, 1169

20 of 21

T TRl T
AN IR
W T ° "2 T: =t

T2

Figure 4. Eigenspaces (A-D): This figure shows examples of four graphs for Cases (A)—~(D) and their
induced eigenspaces of the Grover walk (A-D). The figures at the right corner are the fundamental
cycles for each case. The weighted graphs represent bases of each eigenspace. The weights are the
return values at each arcs of the bases, where every base takes the value 0 at the dashed arcs.

8. Conclusions

We investigated the Grover walk on a finite graph G with sinks using its connection
with the walk on the graph Gy with tails. It was shown that the centered generalized
eigenspace of the Grover walk with tails corresponds to the attractor space of the Grover
walk with sinks, i.e., it contains all trapped states which do not contribute to the transport
of the quantum walker into the sink. Consequently, the attractor space of the Grover
walk with sinks can be characterized using the persistent eigenspace of the underlying
random walk whose supports have no overlaps to the boundary and the concept of “flow”
from graph theory. In particular, we constructed linearly independent basis vectors of the
attractor space using the properties of fundamental cycles of Gy. The attractor space can
be divided into subspaces 7 and K, corresponding to the eigenvalues A # £land A =1,
respectively, and an additional subspace which belongs to the eigenvalue A = —1. While
the basis of 7 and K can be constructed using the same procedure for all finite connected
graphs Gy, for the last subspace, we provided a construction based on case separation,
depending on if the graph is bipartite or not and if it involves self-loops.

The use of fundamental cycles allowed us to considerably expand the results pre-
viously found in the literature, which are often limited to planar graphs. The derived
construction of the attractor space enables better understanding of the quantum transport
models on graphs. In addition, our results reveal that the attractor space can contain
subspaces of eigenvalues different from A = %1. In such a case, the evolution of the Grover
walk with sink will have more complex asymptotic cycle. In fact, the example presented
in Section 5 exhibits an infinite asymptotic cycle, since the phase 6 of the eigenvalues
A+ # £1is not a rational multiple of 7. This feature is missing, e.g., in the Grover walk on
dynamically percolated graphs with sinks, where the evolution converges to a steady state.
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